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“Optimal systems” of similarity solutions of a given system of nonlinear partial (integro-)differen-
tial equations which admits a finite-dimensional Lie point symmetry group G are an effective
systematic means to classify these group-invariant solutions since every other such solution can be
derived from the members of the optimal systems. The classification problem for the similarity
solutions leads to that of “constructing” optimal subalgebraic systems for the Lie algebra ¢ of the
known symmetry group G. The methods for determining optimal systems of s-dimensional Lie
subalgebras up to the dimension r of % vary in case of 3 <s < r, depending on the solvability of %.
If the r-dimensional Lie algebra ¢ of the infinitesimal symmetries is nonsolvable, in addition to the
optimal subsystems of solvable subalgebras of ¢ one has to determine the optimal subsystems of
semisimple subalgebras of ¢ in order to construct the full optimal systems of s-dimensional subal-
gebras of % with 3 < s < r. The techniques presented for this classification process are applied to the
nonsolvable Lie algebra ¢ of the eight-dimensional Lie point symmetry group G admitted by the
three-dimensional Vlasov-Maxwell equations for a multi-species plasma in the non-relativistic case.
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Introduction

Similarity analysis is a powerful tool for obtaining
exact similarity solutions of (nonlinear) partial differ-
ential equations (PDEs). In this paper we assume that
the reader is familiar with most of the required theory
of these applications of Lie groups to PDEs, which are
systematically and well described in the textbooks of
Ovsiannikov [1], Ibragimov [2], Bluman and Cole [3],
Olver [4], Bluman and Kumei [5], and Stephani [6].
The inclusion of integrodifferential equations (IPDEs)
in the Lie group method was carried out by some
authors, especially Taranov [7], Marsden [8], Tajiri [9],
and Roberts [10], and we refer the reader to the men-
tioned papers for detailed information in this case.

As mentioned in my previous paper [11] (further
referred as I), the main aims of the similarity analysis
of a given system & of PDEs (or IPDEs) in n indepen-
dent and m dependent real variables are to calculate
and to classify the similarity solutions of #. First one
has to determine the maximal Lie point symmetry
group G admitted by % This group G consists of all
the real valued transformations acting on an open and
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connected subset M of the Euclidean space R"*™
which leave the system & invariant and map (graphs
of) solutions to (graphs of )solutions. The required the-
ory and description of the techniques to determine this
connected local transformation group G can be found
in the mentioned books (see especially Ovsiannikov
[1] and Olver [4]).

In what follows, we assume that G is a known r-pa-
rameter symmetry group admitted by &, where r is a
natural number. A similarity solution of the s-param-
eter subgroup H of G (H-invariant solution of %) is a
solution of & whose graph is invariant relative to the
elements of H and may be obtained, under additional
regularity assumptions on the action of H on M, by
solving a reduced system of PDEs (IPDEs) with n—s
independent and m dependent variables (see e.g. Olver
[4]). It is not usually feasible to list all possible similar-
ity solutions of all the s-parameter subgroups, since
the number of these subgroups is almost always in-
finite, and to each s-parameter subgroup there will
correspond a family of group-invariant solutions.
Therefore, one desires to minimize the search for sim-
ilarity solutions by listing the essentially different
group-invariant solutions, which leads to the concept
of an optimal system of similarity solutions from
which every other such solution can be derived. The
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concept is based on the following result (see Olver [4]):
For any g€ G with g¢ H a H-invariant solution is
transformed to a g - H - g~ !-invariant solution, where
the two subgroups H and g - H-g ™! are called conju-
gate. If H and H' denote two s-parameter subgroups
of G, then a H-invariant solution and a similarity
solution of the subgroup H' are called essentially dif-
ferent if H and H' are not conjugate, i.e. there exists no
element g€ G such that H'=g- H-g~ ' Thus, the
classification problem for the similarity solutions of
s-parameter subgroups of G leads to that of separating
the collection of all s-parameter subgroups of G into
conjugacy classes of subgroups. A minimal list of non-
conjugate s-parameter subgroups (one from every
equivalence class) with 1 < s <r is said to be an opti-
mal system @F for the symmetry group G. In order to
classify the similarity solutions of & one is interested
in optimal systems ©¢ with 1 < s < min(r, n).

The problem of finding an optimal system @¢ for G
is equal to that of finding an optimal system @% of
s-dimensional subalgebras for the r-dimensional real
Lie algebra ¢ of the symmetry group G, where the Lie
algebra of G is identified with the isomorphic Lie alge-
bra % of the Killing vector fields on M whose flows
coincide with the actions of the one-parameter sub-
groups of G on M (see e.g. Olver [4]). Here, a list of
s-dimensional subalgebra forms an optimal system
©7 if every s-dimensional subalgebra # of % is con-
jugate to a unique member " of the list under some
element of the adjoint representation, i.e. there is an
inner automorphism Ad(g): ¥ > % with ge G such
that Ad(g)(#) =A".

A detailed description of most of the known tech-
niques for the construction of optimal subalgebraic
systems for the Lie algebra of infinitesimal symmetries
admitted by a system of PDEs can be found in the
textbooks of Ovsiannikov [1], Ibragimov [2], and Olver
[4], where also a few examples are given. Following
Ovsiannikov [1] and Ibragimov [2], Galas [12] for-
mulated an “algorithm” for the determination of opti-
mal systems of s-dimensional subalgebras of an arbi-
trary real Lie algebra % of infinitesimal symmetries for
1 <s <r, where the classification process varies, de-
pending on the solvability of ¢ in case of 3 <s<r.
For a nonsolvable Lie algebra % the problem of clas-
sifying its s-dimensional subalgebras with 3 <s <ris
generally harder (see below).

In a series of papers (cf. [13], [14], and [15]) Patera,
Sharp, Winternitz, and Zassenhaus developed another,
but related method of classifying the subalgebras of a
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real (complex) finite-dimensional Lie algebra under
conjugation and applied it to some fundamental Lie
algebras of physics. Especially for the Poincaré alge-
bra (see [13] and also [16]) these authors gave a com-
plete classification of its subalgebras up to dimension
five relative to the group of complex valued inner
automorphisms of the algebra.

Recently, Coggeshall and Meyer-ter-Vehn [17] de-
termined the 14-parameter Lie point symmetry group
admitted by the three-dimensional, one-temperature
hydrodynamic equations, including conduction and a
thermal source. (Related systems were investigated
by Ovsiannikov [1], Coggeshall and Axford [18],
Coggeshall [19]). For a seven-parameter solvable sub-
group corresponding to two-dimensional axisymmet-
ric geometry they calculated optimal systems of one-
and two-dimensional subalgebras of the Lie algebra of
this subgroup using the techniques described by
Opvsiannikov [1] and Galas [12].

In I a survey of these known techniques for the
construction of optimal subsystems of solvable sub-
algebras for the real Lie algebra ¥ of an arbitrary
finite-dimensional Lie point symmetry group is given.
Furthermore, in I a modified method, which is based
on the properties of the bilinear invariant forms (rela-
tive to the local Lie group of the inner automorphisms
of the Lie algebra ¢ or relative to the groups of the
inner automorphisms of its subalgebras), is presented,
where the calculation of these invariant bilinear (sym-
metric) forms may be done using computer-algebra
programs, exspecially the REDUCE 3.2 programs
OPTSYS and BINYV, which are also described in 1. The
knowledge of the associated “linear” and “bilinear”
invariants of an arbitrary vector in ¢ is helpful during
the process of classifying the solvable and nonsolvable
subalgebras of ¥, since these invariants cannot be
changed by the full adjoint action. The advantage of
this modified technique is shown in I by applying it to
the nine-dimensional solvable Lie algebra of infinites-
imal symmetries admitted by the two-dimensional
non-stationary ideal magnetohydrodynamic equations.

In case of a solvable r-dimensional real Lie algebra
%, the optimal subsystems ®¢ of solvable s-dimen-
sional subalgebras of ¥ with 1 <s <r are full opti-
mal systems ©F, since any subalgebra of % is also
solvable (see e.g. lemma 1 in I). Since the techniques
for obtaining optimal subalgebraic systems for a solv-
able Lie algebra or optimal subsystems of solvable
subalgebras of an arbitrary real finite-dimensional Lie
algebra have been discussed in I, we restrict our atten-
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tion in the present work to the problem of classifying
the s-dimensional subalgebras of an arbitrary non-
solvable r-dimensional real Lie algebra % by means of
full optimal subalgebraic systems ©f with 3<s<r.
A description of the techniques for this classification
process based on the investigations of Ibragimov [2] is
given in Section 1. In addition to the optimal sub-
systems ©¢ of s-dimensional solvable subalgebras,
one has to determine optimal subsystems @ of the
s-dimensional semisimple subalgebras of a Levi sub-
algebra # of ¥ and optimal subsystems ©? of s-di-
mensional subalgebras with non-trivial Levi decom-
positions.

The problem of determining optimal subsystems
©Z for a semisimple Levi factor £ of 4 leads to the
classification theory of complex semisimple Lie alge-
bras and their real forms, which is the great achieve-
ment of the classical work of Cartan and Killing and
is treated in most books on Lie algebras (see e.g.
Varadarajan [20]. Since in course of similarity analysis
of PDEs (IPDEs) one frequently finds three-dimen-
sional real Levi subalgebras, we only investigate these
cases.

In Sect.2 the three-dimensional (3-D) Vlasov-
Maxwell equations (VMS) for a multi-species plasma
in the non-relativistic case are regarded. This system
admits an eight-parameter real Lie point symmetry
group G with a nonsolvable Lie algebra 4. The group
G contains the three-dimensional Euclidean group
E(3), which is the semidirect product of the rotation
group SO(3, R) and the group of space translations
T(3), the one-parameter group of time translation,
and one scaling group. Using the techniques described
in I and in Sect. 1, we determine full optimal systems
of s-dimensional subalgebras of the eight-dimensional
Lie algebra % for s =1, ..., 8. Here, the (bi-)linear in-
variants of an arbitrary vector in the Lie algebra ¢
(relative to the group of inner automorphisms of the
Lie algebra ¥) are rather helpful to obtain optimal
subalgebraic systems, since with the aid of these in-
variants it is possible to shorten the lengthy classifica-
tion process in comparison with the usual techniques.

1. Optimal Systems for Nonsolvable Lie Algebras

In this section we describe the basic tools for the
construction of full optimal systems of s-dimensional
subalgebras for the real Lie algebra % of a given
r-parameter Lie point symmetry group G admitted by
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a system of partial (integro-)differential equations,
where s € N and r € N denote natural numbers. Here,
we restrict most of our attention to the task of classi-
fying the s-dimensional subalgebras for a nonsolvable
Lie algebra ¢ in case 3 < s <r, since the techniques
for obtaining optimal subsystems of solvable subalge-
bras of a nonsolvable Lie algebra 4 are summarized
in I. The following description of the available tech-
niques is based on the textbooks of Ovsiannikov [1]
and Ibragimov [2], which Galas [12] used to formulate
an “algorithm” for the determination of optimal sub-
algebraic systems without using the invariants of the
group of the inner automorphisms. These invariants
can play an important role during the construction of
optimal subalgebraic systems (see e.g. Sect. 1 in I). For
the proofs of the theorems stated below we refer the
reader to the usual books on Lie groups and Lie alge-
bras, for example Jacobson [21], Sagle and Walde [22],
Varadarajan [20], or Hilgert and Neeb [23].

In what follows, we denote the dimension of the real
finite-dimensional Lie algebra % by d(%):= dim(%)
=reN and assume that a basis of ¥ is given by
{v,,...,v,}. Then any g in a neighbourhood of the
identity element of the Lie point symmetry group G
with Lie algebra 4 may be written as

g =exp(e,;vy) ... exp(e,v,), (1
where - denotes the group multiplication in G and the
coefficients ¢, , ..., ¢ € IR are called canonical coordi-
nates of ther second kind (see Hilgert and Neeb [23]).
A full optical system ©F of s-dimensional subalgebras
of ¥ with s < r is defined as the union of the represen-
tatives of conjugate (or similar) algebra classes of given
dimension s (one from every class), where two s-di-
mensional subalgebras # and J are called conjugate
if there exists an inner automorphism Ad(g) € Int(9)
(g9 € G) such that Ad(g)(s#)=2". Here, the general
inner automorphism in the local Lie group Int(9)
consisting of all inner automorphisms ¥ — % may be
given by

Ad(g =exp(e,,) " ...  exp(e,v,)

= Ad(exp(g,v,) °...° Ad(exp(e,v,), (2)

where the linear mapping Ad(g =exp(ev)): ¥ > %

maps the vector w e 4 to the Lie series

& ok
Ad(exp(ev))(w) = exp(c ad (v)) (w) = 2 % (ad (v))*(w)

2
=w+e[w,v]+%[[w,v],v]+..., 3)
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and the inner derivation ad(v) for a given ve ¥ is
defined by

ad(v): 4> 9%; wiad(v)(w):=[w, 1] 4)
(see Ovsiannikov [1] and Olver [4]). Clearly, ®? con-
sists only of the Lie algebra ¥ itself.

Since all one- and two-dimensional Lie algebras are
solvable, the optimal subalgebraic systems ©@¢ and ®%
for an arbitrary real finite-dimensional Lie algebra ¥
consist only of solvable Lie subalgebras and can be
constructed using the techniques described e.g. in
Sect. 1 in L. Therefore ®F = @7 holds for j = 1, 2. For
a solvable real r-dimensional Lie algebra ¢, any of its
subalgebras is solvable (cf. lemma 1 in I) and an opti-
mal subalgebraic system ©Y, , with 1<s<(r—1)
may be obtained by the “method of expansion” (see
subsection 1.2 in I) of the representative members of a
known optimal system ®7, since, according to the Lie
theorem in I, every (s+ 1)-dimensional solvable alge-
bra contains an s-dimensional solvable subalgebra.
This still holds when one looks for the solvable sub-
algebras of an arbitrary real Lie algebra ¢ in order to
obtain optimal subsystems @7 of solvable subalgebras
for 4 (see e.g. Ibragimov [2] and I).

To classify subalgebras of dimensionality 2 <s<r
in the case of a nonsolvable real r-dimensional
Lie algebra %, one can sucessfully employ the Levi-
Mal’cev theorem asserting the existence and unique-
ness (up to conjugation) of the Levi decomposition of
% into a semidirect sum of its radical and a semisimple
Levi factor (see e.g. Ibragimov [2]). Furthermore, the
Mal’cev-Harish-Chandra theorem gives an important
addition to the Levi-Mal’cev theorem such that most
subalgebras of a nonsolvable 4 can be completely
classified by means of both theorems (see e.g. Ovsian-
nikov [1] and Ibragimov [2]). In this paper, we restrict
our attention to the task of classifying the s-dimen-
sional subalgebras of a nonsolvable real r-dimensional
Lie algebra with a non-trivial Levi decomposition in
case 3 <s <r. First we give some basic definitions
and theorems, which are necessary to state the Levi-
Mal’cev theorem and the Mal'cev—Harish-Chandra
theorem and to proceed to the description of the tech-
niques available for the named classification problem.

Theorem 1 (see e.g. Ovsiannikov [1] and Varadarajan
[20]). Among the solvable (nilpotent) ideals of a finite-
dimensional Lie algebra 4 there is a unique solvable
ideal (%) (nilpotent ideal N (%)) of maximal dimen-
sion, which contains any solvable (nilpotent) ideal of %.
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This maximal solvable ideal #(%) (nilpotent ideal
N (%)) in% is called the radical (nilradical) of 4. Then
N (%) = R(Y) and [R(%), F] < N (9).

Hence, the radical of a finite-dimensional solvable
Lie algebra % is % itself, i.e. Z(%) = ¥, and its derived
algebra 4! :=[¥, %] is a subalgebra of its nilradical
AN (%). The radical of any Lie algebra is invariant
under all (inner) automorphisms of the Lie algebra
(see e.g. Varadarajan [20]).

Definition 1 (sce e.g. Ibragimov [2]). 4 noncommuta-
tive finite-dimensional Lie algebra 4, i.e. 4V #0, is
said to be simple if it has no ideals different from the
null algebra 0 and % (0 consisting of the null vector and
% being called the trivial ideals in 9). A finite-dimen-
sional Lie algebra 9 is called semisimple if its radical
reduces to zero, i.e. #(%) =0.

From theorem 1 and the above definition it follows
that the factor algebra 4/#(%) is semisimple for a
finite-dimensional Lie algebra %. Since one- and two-
dimensional Lie algebras are solvable, i.e. the radical
of such a Lie algebra is the algebra itself, there exists
no semisimple Lie algebra ¢ of dimension d(¥%) =1 or
d(%) = 2. In the course of similarity analysis of PDEs
(IPDEs) one frequently encounters three-dimensional
semisimple subalgebras of the real Lie algebra % of
infinitesimal symmetries (see e.g. Ibragimov [2] and
Ovsiannikov [1]). These semisimple real Lie algebras
of dimensionality 3 must be isomorphic either to the
Lie algebra ¥ (3, R) of the rotation group SO (3, R)
or to the Lie algebra % (2, R) of all real 2 x 2-ma-
trices with trace zero, where both algebras are real
forms of the complex Lie algebra £Z(2, €) (see e.g.
Jacobson [21]). Any three-dimensional real Lie algebra
not containing two-dimensional subalgebras is iso-
morphic to the Lie algebra of rotations ¥ (3, R) with
the basis {u,,u,,u,} and the structure [u,, u,] = u,
[uy, us)=u,, [uy,u,] =u, (see e.g. Ovsiannikov [1]).
The special linear algebra ¥ (2, R) spanned by the
three basis vectors w,, w,, w; has the structure
Wi, wil=2wy, [wy, w3]=—2w,, [w, w,]=w; and
contains two-dimensional subalgebras (see Jacobson
[21]). Both £ (3, R) and % (2, R) are even simple
Lie algebras. Instead of the above definition one can
use the following criterion of semisimplicity of a finite-
dimensional real Lie algebra %.

Cartan’s Criterion of Semisimplicity (see e.g. Ovsian-
nikov [1]). The r-dimensional real Lie algebra % with
basis {v,,...,v,} is semisimple if and only if the
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Killing form K4: 9 x 9 >R, which maps the pair

(u, v) of the two vectorsu= Y a;v;e 9, v=3 P, v, €%
j=1 k=1

witho;, ByeR (j,k=1,...,r) to

Kg(u, v) := tr(ad () ° ad (v)) =: ;2 % K5y B »
k=1
is nondegenerate, i.e. det(K3,) # 0.

We call the real symmetric matrix K¥ := (K}7) the
Killing matrix (relative to the given basis {v,, ..., v,}
of the r-dimensional Lie algebra ).

The radical of a finite-dimensional Lie algebra can
be characterized with the aid of the Killing form by
the following theorem.

Theorem 2 (see e.g. Ovsiannikov [1]). The radical
R (%) of the finite-dimensional Lie algebra 9 is a set of
elements u € 9 for which K4 (u, v)=0 for any element v
of the derived algebra 9V :=[4, %].

Using theorem 2, the REDUCE 3.2 program OPT-
SYS (see I) determines the radical of the finite-dimen-
sional real Lie algebra ¢ of infinitesimal symmetries.

Definition 2 (see e.g. Ibragimov [2]). Let 4 be a Lie
algebra. If £ is an ideal in 4 and ¢ is a subalgebra
(ideal) of 4 with $ n =0 (and [#, #]1=0), then
the direct sum of the subspaces ¥ and ¢ of the vector
space 4 forms a Lie algebra, which is called the semi-
direct sum (direct sum) of the subalgebras ¥ and ¢
of %, denoted by ¥ @, ¢ (F @ #). If, in addition,
I D F=9 (F D F=%), then we say that G is the
semidirect sum (direct sum) of # and ¢.

The classification of a semisimple Lie algebra is
based on the following theorem.

Structural Theorem (see e.g. Ovsiannikov [1] or Hilgert
and Neeb [23]). A4 finite-dimensional real Lie algebra %
is semisimple if and only if there exist simple ideals
Y.,....% (keN) of 4 such that

9=-9,0%0..®%.

The only ideals of 4 are the direct sums ¥ = 3, 4, with
Jc{1,... k. jeJ

With the aid of this theorem it is established that
every ideal of a semisimple Lie algebra is semisimple,
and for a semisimple Lie algebra 4'*) = 4. In essence,
this theorem reduces the study of semisimple Lie alge-
bras to that of simple algebras, which is well treated
in most books on Lie algebras (see e.g. Varadarajan
[20D).
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The Levi theorem shows that any finite-dimen-
sional Lie algebra decomposes in the semidirect sum
of its radical and a semisimple subalgebra.

Levi Theorem (see e.g. Ibragimov [2] and Varadarajan
[20]). Let % be a finite-dimensional Lie algebra % and
R(9) its unique radical. Then 4 is the semidirect sum

G=R(9) S, & &)

of R(%) and a semisimple subalgebra ¥ of 4, which is
not uniquely determined. (5) is called a Levi decomposi-
tion and & is said to be a Levi subalgebra or Levi
factor. If & is a Levi subalgebra of %, then it is also a
Levi factor of the derived algebra 4V of 4 and 4V =
(2 (%), ) @ & is a Levi decomposition of 4V.

The Levi decomposition is trivial for semisimple
Lie algebras (#(%)=0) and solvable Lie algebras
(2 (%) =%). The uniqueness (up to conjugation) of a
Levi decomposition for a finite-dimensional Lie alge-
bra is proved by the Mal’cev theorem, which is a
corollary of the following Mal’cev—Harish-Chandra
theorem.

Mal’cev—Harish-Chandra Theorem (see e.g. Ovsian-
nikov [1] and Varadarajan [20]). Let % be a fi-
nite-dimensional real Lie algebra, #(%) its radical,
and N(%) its nilradical. If 9=R(9) D, &L is a
Levi decomposition of % with a semisimple Levi
factor &, then for any semisimple subalgebra M
of 9 there exists we G {w e [R(9), 9] < N (%)) such
that the inner automorphism exp(ad(w)) € Int(%)
- (exp(ad(w)) € Int([2(9), 9])) takes M into L.

For the sake of simplicity we stated the above
theorem in a weak form (see e.g. Ovsiannikov [1]). In
addition, we gave the strong form in parentheses <...)»
(see Varadarajan [20]).

Corollary 1 (see e.g. Jacobson [21]). Any semisimple
subalgebra of a finite-dimensional real Lie algebra 4
can be imbedded in a Levi factor of 4.

Hence, every semisimple subalgebra of a finite-
dimensional real Lie algebra ¢ is conjugate to a sub-
algebra of any Levi factor of 4. If # =% ®, £’ is an
arbitrary Levi decomposition for a subalgebra # of
a finite-dimensional real Lie algebra ¥, where
R =R () is the radical of # and ¥’ is a Levi sub-
algebra of s, then #' and %’ are a solvable and a
semisimple subalgebra of ¥, respectively. Thus, the
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Levi factor %’ of # has to be conjugate to a semi-
simple subalgebra in any Levi subalgebra of 4.

Mal’cev Theorem (see e.g. Jacobson [21] or Ibragimov
[2). Let % be a finite-dimensional real Lie algebra and
R (%) its radical. If there are two Levi decompositions
G=R(YG) D, L =R(Y) @ L of Y, then there is a
w € R (%) such that the inner automorphism exp (ad (w))
takes &' into L.

The following corollary of the Mal’cev theorem
shows that the classification problem for semisimple
subalgebras of a finite-dimensional real Lie algebra %
is equivalent to the task of classifying the semisimple
subalgebras of a Levi factor % of ¢, considered inde-
pendently of 4.

Corollary 2 (see e.g. Ibragimov [2]). Let ¥ be a finite-
dimensional real Lie algebra, (%) its radical, and ¥
a Levi factor. Let M and N be two conjugate semi-
simple subalgebras of the Levi subalgebra ¥, i.e. there
is an inner automorphism Ad(g) € Int(%) such that
M =Ad(g)(AN). Then there exists an inner auto-
morphism exp (ad(w)) € Int (%) with we & such that
A = exp (ad (w)) (N).

1.1 “Construction” of Full Optimal Subalgebraic
Systems

In what follows, we describe an ““algorithm” to con-
struct optimal systems of subalgebras for an arbitrary
r-dimensional real Lie algebra ¢ with null center and
the fixed basis {v,,...,v,}.

Remark. If the Lie algebra ¢ contains a nonzero
center (%) :={we % |[u,w] =0 Vue %} #0, thenit
is sufficient to classify the subalgebras of the factor
algebra ¥/Z (%) by means of optimal subalgebraic
systems, where the factor algebra %/Z(9) is iso-
morphic to the Lie algebra ad (%) consisting of all the
inner derivations (see e.g. Hilgert and Neeb [23]). If
full optimal systems of subalgebras are known for
%/% (%) or for ad(9), then they can be considered as
known for the entire Lie algebra ¥ (see e.g. Ovsian-
nikov [1] and I).

During the construction of ®Y consisting of con-
jugacy classes of one-dimensional subalgebras of %
one begins with the selection of a nonnull vector

r
u= 73y o;v; with ;e R (j=1,...,r) and its image
j= r

j=1
w:= Ad(g) (v) = Y P.v, under the general inner
k=1
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automorphism Ad(g) € Int(%) given in (2), where
g=-exp(e vy) ... exp(e,v,) with real parameters
€,...,¢,. The values of these parameters should be
choosen to achieve the maximum possible “‘simplifi-
cation” of the real coordinates f,, ..., B, of w. This
permits the choice of the simplest representative of the
class of conjugate subalgebras to which the Lie alge-
bra spanned by # belongs, where the (“linear” and
“bilinear”’) invariants of u (relative to Int(%)) place
restrictions on how far one can expect to “simplify”
the vector w € 4 (see e.g. Olver [4] or I). The various
possibilities of selecting ue & give the conjugacy
classes of one-dimensional subalgebras and, from
them, an optimal system O (see e.g. Ovsiannikov [1]
and I).

In order to construct an optimal system @Y it is
possible to use the “method of expansion” of the
representative members of a known optimal subalge-
braic system @7 as described in I (see also Ovsian-
nikov [1]). Since any one- or-two-dimensional Lie al-
gebra is solvable, full optimal systems ®¢ and ®Y for
% are given by optimal subsystems @¢ and ®% of
solvable subalgebras of ¢, where ¢ may be solvable or
not.

If ¢ is solvable, full optimal subalgebraic systems
©7 are optimal subsystems ®? of solvable subalge-
bras for 4 for any s =1, ..., r, since any subalgebra
of ¢ is solvable. Any optimal subalgebraic systems
0/, , for 1 <j < (r—1) may be constructed using the
method of expansion of the members of an optimal
system © (see e.g. subsection 1.2 in I).

From now on, let the r-dimensional real Lie algebra
% be nonsolvable. If the radial Z(%) of 4 and a Levi
decomposition ¥ =% (%) @, ¥ are known, then the
construction of fully optimal systems @7 of s-dimen-
sional subalgebras with 3 < s < r may be done succes-
sively in the following way (cf. Ibragimov [2] and
Galas [12]):

Step 1 (Optimal subsystems @F of solvable subalgebras).
According to the construction of optimal subsystems
of solvable subalgebras (see subsection 1.2 in I), one
determines an optimal subsystem @¢ of all the non-
conjugate s-dimensional solvable subalgebras of the
Lie algebra % using the method of expansion for the
representatives of an optimal subsystem 67 .

Step 2 (Optimal subsystems © of semisimple subalge-
bras). Following corollary 2, one determines in case of
s <d(Z) all the nonconjugate s-dimensional semi-
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simple subalgebras of the semisimple Levi subalgebra
Z.If s = d (&), the only semisimple subalgebra is the
Levi factor . itself. If s is less than, or equal to, the
dimension d(&) of %, an optimal subsystem @ of
s-dimensional semisimple subalgebras of the Levi fac-
tor .# has to be constructed, which is empty if there
is no s-dimensional semisimple subalgebra in .#. Any
semisimple subalgebra in .#. Any s-dimensional semi-
simple subalgebra in ¥ is then conjugate to one of the
representatives in @,

Step 3 (Optimal subsystems ©F of subalgebras with
non-trivial Levi decompositions). For any existing con-
jugacy class of the j-dimensional semisimple sub-
algebras of the Levi factor .# in an optimal system (:)j‘"’
with 3 <j < s and j < d(%) one chooses a represen-
tative semisimple subalgebra ¢’ of ¥ and determines
all the (s—j)-dimensional solvable subalgebras %' of
% such that # N ¥'=0and [#, ¥'] = # hold. The
resulting s-dimensional subalgebras of type # =
R @, & are listed. With the aid of this list one con-
structs an optimal subsystem ©Ff of these s-dimen-
sional subalgebras. Any other s-dimensional sub-
algebra of ¢ with non-trivial Levi decomposition is
conjugate to a representative of a class in 2.

Step 4 (Full optimal subalgebraic systems ©®%). The
union of the three optimal subsystems ©¢, ®Z and
©®? obtained in this way forms a full optimal sub-
algebraic system @¢ for %.

In case of s=3 a full optimal subalgebraic system
@¢ for  is given by @% and ©F. If the dimension of
the Levi factor & is d(&) = 3, then ¥ decomposes
into the semidirect sum of its radical and .#, where the
Levi subalgebra is isomorphic either to 0 (3, R) or
to £ (2, R). The Lie algebra of infinitesimal sym-
metries admitted by the three-dimensional non-rela-
tivistic Vlasov-Maxwell system contains £ (3, R) as
a three-dimensional Levi factor (see Section 2).

Ovsiannikov [1] constructed in his example § 14.9
full optimal subalgebraic systems for a four-dimen-
sional reductive Lie algebra ¢ with a three-dimen-
sional Levi factor % isomorphic to the special linear
algebra ¥ (2, R), where a Lie algebra is said to
be reductive if its radical coincides with its center
(see Varadarajan [20]). Since ¢ is reductive, the Lie
algebra ¢ is the direct sum Z(¥9) @ 9V (see e.g.
Varadarajan [20]) of the one-dimensional center
Z (%) and the semisimple derived algebra ¥ = ¥
isomorphic to ¥ (2, R).
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In the course of similarity analysis of a system of
PDEs (or IPDEs) one sometimes finds a finite-dimen-
sional real Lie algebra .# of the infinitesimal sym-
metries of the given system, which is an ideal .# in an
arbitrary real Lie algebra ¢ for which optimal sub-
algebraic systems are known. Thus, the question
arises whether the task of classifying the subalgebras
for the Lie algebra # under consideration may be
simplified with the aid of the known optimal sub-
algebraic systems for 4. In what follows, we describe
a technique for this classification problem, where we
assume that .# is a proper 7-dimensional ideal of the
real r-dimensional Lie algebra ¢ such that 0 < d(¥)
=7<d(%) =r and the factor algebra ¥/# has a
small dimension 0 < d(%/#) = r — 7. The latter con-
dition of small dimensionality of the factor algebra is
stated for the sake of practicability of the techniques
given below. The basic results for the construction of
optimal systems for .# are: If .# is a proper ideal of ¢,
then exp(ad(v))(#) =# holds for any inner auto-
morphism exp(ad(v)) € Int (%) with v € 4. If the two
s-dimensional subalgebras # and " of the ideal .# in
% are nonconjugate (relative to Int(%)), they cannot
be conjugate relative to the group Int (#). If full opti-
mal subalgebraic systems @7 (relative to Int(%)) are
known for 1< s <F, then a complete set of optimal
systems @7 (relative to Int(#)) fors=1,...,Fcanbe
constructed in the following way (cf. Galas [12]):

We define the list 37 as the union of the non-con-
jugate s-dimensional subalgebras in @7 (one represen-
tative from every conjugacy class relative to Int(9)),
which are also subalgebras of the Lie algebra .#. Fur-
thermore, for an arbitrary subalgebra # € 97, let
37 (#) be the set of all subalgebras exp (ad (7)) (#),
where # ranges over a set of representatives of all
cosets 7+.# € 4/#. The union of the sets 37 (#)
for all # € 97 is denoted by §7. Successively for any
s-dimensional subalgebra # of # in 97 one deter-
mines the conjugacy classes in 37 (#) relative to
Int(#) and lists one representative from every class.
Then the union of these lists forms a full optimal
system @7 (relative to Int(#)) for .#. In general, it
follows that 97 < ©f < §7. If 4 is the direct sum of
the ideal .# and an ideal &£, i.e. 4= @ X, then
even 97 = @7 = §7, since exp (ad (#)) (#) = # holds
for any # € o and for any subalgebra # of .#.

Examples for this construction of optimal systems
with the aid of known optimal subalgebraic systems
are demonstrated by Galas [12] and Fuchs [24].
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2. The Three-Dimensional Vlasov-Maxwell Equations plasma with a fixed and homogeneous ion back-
ground through a formal approach to the infinite sys-

We consider three-dimensional motions of a colli- tem of PDEs for the moments of the electron distribu-
sionless plasma of ¢ species without a background or tion function. In 1985 Roberts [10] derived the full Lie
external fields in the non-relativistic case (¢ € N). In  point symmetry group admitted by the 1-D VMS in
what follows, the particles of species o have charge g*, ~case of a one-species plasma with a background and
mass m* , and the three-dimensional distribution func-  a multi-species plasma with g,/m, # qz/m; for a # B

tion f" =f7 (X*, W, t¥), where X* = x*&,+ y*&,+z*¢, (%, f=1,...,0), where also a homogeneous back-
is the space vector, w* denotes the velocity vector, ground was assumed.

and t* is the time. The distribution functions f7" If one looks at a plasma consisting of ¢ > 1 species,
(x=1,..., o) for the o species, the selfconsistent elec- Where g,/m, # qz/m; for any f#a (¢, =1,...,0)

tric field E* = E*(X*, t*), and the selfconsistent mag- holds, the real Lie algebra % of the full Lie point
netic field B* = B*(x*, t*) satisfy the following three- symmetry group G = exp(%) admitted by (6) is of di-
dimensional (3-D) Vlasov-Maxwell system (VMS): mension r = d(%) = dim (%) = 8 and may be spanned

by the following infinitesimal generators written in

ofe . - A . .
% +W- Ve fE+ :11: [E4+WwxB]- Vs f2=0 terms of Cartesian coordinates:
* for any a=1,...,0, 0 0 0 0
. OE P Vy=—"—> Uy=—_—5 V3=, V4= _,
V)? x B = E -+ Z qa j Wfla()a w.s t) daw s ax ay az at
ol 0 o 0 NI
” vs=y —x—+w s o= W -
Vi E= S q, j‘ FEE W, 1) d3w, 6) O0x oy ow ow” OE
o @ @ g0
o e 0B * © 0B 0B
o’
5 0 0 0 0 0
Ve-B=0 e z — W E?
=i % Tow T ow - oE
with the dimensionless variables . . "
— E* B — B —, 7
g X o W Ea 3EC B C B 0
L L ] C 9y £ |
' | P e
* Vo=zZ— —y—+W —w
= gt Le 2 (a=1,...,0), . oy ¥ oz ow” ow* OE’
my¥ &
lg*| L lg*| L . el 0 +Bz_a__3yi
Fomtl "¢ B 910 & g , OE* 0B’ 0B’
m¥ c? m¥ ¢

where L is an arbitrary constant with the dimension of vg=x x +y a +z % +t a
length, c the speed of light, ¢, the electric permittivity & y 5 :

of free space, q,:=q}/|q¥|, and m,:=m¥*/m¥ (a= o 3 d P d
1,...,0). (The Cartesian coordinates of W, E, B (rela- 23Xt o E* 0E* E E 2 OE*
tive to the basis {¢|, &,, €;}) are denoted by w*, w”, w?, ==t .
E*, E’, E*, B*, B’, and B, respectively.) L, 0 5 0 . 0

The Lie point symmetries of the one-dimensional = oB* ~ °oB® = oB*’

(1-D) VMS are well studied. The full Lie point symme-

try group admitted by the 1-D VMS without external The commutator table for this basis (7) of the eight-
fields or a background was calculated 1978 by Taranoy ~ dimensional real Lie algebra & is shown in Table 1,
[7]. In [7] Taranov also discussed the results of a work ~ {rom which the structure constants G of %, which are
of Baranov [25], who calculated in 1976 a symmetry  gefined by [5;, 2] = z’: Giv; (ij,k=1,...,r),can be
group admitted by the 1-D VMS for an electron i=1
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Table 1. The commutator table for the eight-dimensional Lie
algebra 4.

Y
— v, v, vy Vv, Vs Vg V; Vg
v | [v:s "j]
v, 0 0 0 0 —v, —v; O v,
v, 0 0 0 0 v, 0 —v; v,
vy 0 0 0 0 0 v, v,
v, 0 0 0 0 0 0 0 v,
vs v, —o, O 0 0 v, —vg O
v v, 0 —v»;, O —v, O vs O
v, 0 v; —v, O vs, —vs 0 0
vg —-v, —v, —v3 —v, O 0 0 0

read. Obviously, the center Z (%) :={ue % |[u,v]=0
Vv e ¢} is the null algebra 0, and the derived algebra
4V .=[9,9] is 4Y(v,,...,v,). Here and in what
follows, #(u,, ..., u;) denotes the subalgebra # of

spanned by the basis vectors u, ..., u;.

The corresponding subgroups of symmetries of the
Vlasov-Maxwell equations are:

(a) Space translations (T (3)):
Gj: (5, W, t’flla R E E)
(X + g wtf,,...,fl’,E,ﬁ)

(eR;j=1,2,3).
(b) Time translation:

Gyt (B W,t, fily ..,

(X W, t+eg, fil ...

It E, B)
JEE B) (e4€R).
(c) The group
SO@B3,R): (X, W, t, fL,..., f¢, E, B)
— (RX,RW,t, f},...,f, RE, RB)

of simultaneous rotations in the components of x,
W, E, B with the 3 x 3 orthogonal matrix
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(d) Scale transformation:
Gs: (X, W, t, fL, ..., £, E, B)
> (X exp(eg), W, t exp(eg), £ exp(—2¢g), ...
- J1's exp(—2eg), ECXP(_as)a BCXP(_%))
(eseR).
The full symmetry group G is generated by these
one-parameter transformation groups. Roberts an-
nounced in [26] a manuscript on an investigation of
the Lie point symmetries admitted by the 3-D VMS
and described verbally the structure of the symmetry
group as given above.

Three additional discrete symmetries of the 3-D
VMS are given by

S,: (%W, t, f, ..., £ E, B)

(X =W, —t, f, ...

’f1a9 E’ —E)s

S WL I ED)

(=% =W, t, ... 7, —E, B), ®)
S Rt L eoes [GEB)

b (=%, W, —& [}, s 5 —E, —B),

where S, ° S,=S; holds. For j =1, 2, 3 the mapping
§; ° §; is the identity

So: (%, W, t, fiL, ..., £, E, B)

(5w, L, ...,

12, E, B).

r
For given u= Y o, vkeg the inner derivation
k=1

ad (u): g—»?“’ maps w = Z Biv;e % to ad(w)(w) =
[w, u] = Z (Z o ,,‘> ij with

i,j=1 \k=

coses sings 0 coseg 0 singg) (1 0 0
R:=|—sings coses O 0 1 0 0 cos ¢, sing,
0 0 1/\—singg 0 coseg/ \O —sine, cose,
=t R5 =9 R6 =: R7

which depends on the three real parameters ¢ (j = 5,6, 7), and the one-parameter subgroups

G (%W, t, fils ..., f7, E, By (R, %, RyW, t, fi1, ...

, [, R,E, R, B)

(j=5,67).
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Table 2. Adjoint representation of the Lie group G.
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Y
v, v, v, v,
9gi Ad(g) (”j)
g, :==exple; vy) vy v, U3 Uy
g, =exp(e, v,) v, v, v, v,
g5 = exp(e; v3) v, v, vy v,
g4 = exp(e, v,) v, v, vy v,
gs = exp(es vs) v, COS £5— D, Sin &5 v, sin &5+ v, COS &5 vy v,
ge = €Xp(eq V) v, COS £g— 3 SiN &4 v, v, Sin g5+ v3 COS &g v,
g, = exp(e; v,) v, v, COS €, — V4 Sin &, v, sin &,+ v; cos ¢, v,
gg := €exp(eg vg) v, eXp &g v, eXp &g V5 €XP &g v, €XD &g
Y vs g v, vg
gi Ad(g) (Uj)
gy :=exp(e; vy) Vst & 0, Vet € 03 v, Vg— &, 0,
g, :=exp(e, v,) vs— €, 0, v v,+ €, 0y Vg— €, U,
g5 :=expl(e; v3) v Vg— €30, v, — &30, Vg— &3 U,
ga = €Xp(eq v,) LE s L Vg™ €404
gs = exp(es vs) v Vg COS €5 — v, Sin &5 v, COS €5+ Vg Sin &5 vg
g :=€xXp(eq Ve) v, 8in g5+ v COS &4 v v, COS £¢— Vs SIN &g vg
g, = exp(e; v,) V5 COS €, — Vg Sin &, vs sin &, + vg COS &, v, vg
gs = €xp(&g vg) L7 Vs v, Vg
r=8 .
ad, ;= ( > o, Cj‘k> = can be computed as Lie series (cf. (3)) in the usual way
k=1 and are listed in Table 2.
M s 20 —u; —a; O —a, « The co.mputatlon of the Killing form Ky : (u, w) —
by % 0 @ 0 — —o o (U, ) o tr(ad (u) a(.l(w)) and the Casimir polz—
—a, —% 2, 0 O By = nomial Cy: ut> Cy(u) := Ky (u, u) gives Ky(u, w)=

0 0 0 o O 0 0 —o,
={ O 000 O o, —oag O
0 0 00 —a, O as 0 f. )
0 0 00 g —as O 0
0 000 O 0 0 0

The maximal rank of the endomorphism ad (z): 4 -4,
obtained when u ranges over the whole space ¥, is
ma;((rank (ad(u))) = 6. As stated in (2), the general ele-

ment in the group Int(%) may be given by
Ad(g = exp(e,v,) - ... - exp(es vg))
= Ad(exp(e, vy)) ° ... Ad(exp(egvg))

with real parameters ¢,, ..., &g, where the inner auto-

morphisms
Ad(exp(gv) :=exp(gad(v): -9 (j=1,...,8)

4(—asPs—ogBe— o+ o5 fg) and Cy(u) =4 (—a
—aZ—a?+a?). By applying Cartan’s criteria of solv-
ability (see e.g. Sect. 1 in I) and semisimplicity it fol-
lows that ¢ is neither solvable nor semisimple. With
the aid of theorem 2 one finds that the radical ¢ is
R(%) (v,,v,,v5,0,,0g). A Levi factor of the Lie alge-
bra ¢ is the semisimple (even simple) rotation algebra
&0(3,R) spanned by the basis {vs, vs, v,}. Thus, a
Levi decomposition of % is given by the semidirect
sum ¥=%(%) ®, Y03, R).

The total number 7, (%) of all functionally indepen-

r

dent scalar invariants of an arbxtrary u=3 4v,eYy

(relative to the group Int(%)) is j=1
(x(%)=d(9) — max (rank (ad (u)))
=8—-6=2 (10



H. Kétz - Classification of Similarity Solutions of Nonlinear PDEs. 11 545
Table 3. (Bi-)linear invariants of a vector u in a subalgebra # of ¢ (relative to Int(¢)).
Case Subalgebra # d(#) | £(HK) | {x(#)| Invariants of u
H,,...,v5)=% 8 2 2 aZ+al+al, a
2 A (w)=0 H, 0y, ..., 0,) =40 7 3 3 ay, i+ aZ+ o2,
(x5 =0) Ay, 0y — 0y Olg + 03 Os
3 u(w)=0 H,, 0y, ...,04,08) = R(Y) 5 1 1 g
(as=0as=0a,=0)
4 Ho(u)=0 H,(01,...,0) =N (G)=H,, nHK,, 4 4 4 0ysOp, 0y, Oy
(xs=ag=0,=0ag=0)

(see (12) in I). The general invariant bilinear symmetric

form
r=8

D% GxG>R; (u, w)— % (u, w):= .

J k=1

with w= Y B, v, € ¢ and the real symmetric matrix
k=1

(513‘) = diag(0,0,0,0, b,, b,, b,, b,) can be determined

from the infinitesimal criterion (11) in I (using the

program OPTSYS), where b,, b, are free real con-

stants. (The Killing form is such an invariant bilinear

form with b, = —b, = 4.) From the expression 9% (u, u)

for an arbitrary u= Y o;v,€ % we find the linear
=1
invariant og (corresp(;nding to the invariant bilinear
form &) with & (u, u) := «2) and the “bilinear” in-
variant a® with a:=/«% + a¢+a3 (corresponding to
the invariant bilinear form @® with ®? (u, u) := a?) of
the vector u (relative to the real group Int(%)), which
can be regarded as the /,(%) =2 functionally inde-
pendent scalar invariants of u (see also Table 3).
From the Killing polynomial kg, which is the char-
acteristic polynomial of the inner derivation ad (#) for
u€ 9, the rank /(%) of 4, which is defined as the
minimal (algebraic) multiplicity of the eigenvalue 0 of
ad () for all the vector fields € ¥, can be read (see e.g.
Sect. 1 in I) and one finds /(%) = 2. Furthermore, the

Killing polynomial for #= Y. f;v;e ¥ has at most
j=1
the d(%)—¢(G)=6 nonzero roots A,(4) =g € R
with multiplicity 2, u, (@) =iae T, yu,(w) = —iaeC,
U (u)=o0g+iaeC, p,(u) = ag—ia e C. These eigen-
values of the linear mapping ad(u) are scalar in-
variants of u € & (see I). Obviously, 4, (u) is a linear
invariant of u (relative to Int(%4)). Thus the set
H,, ={we%|i;(w)=0} =94 forms an ideal in ¥
(see Sect. 1 in I). Since a®>= a?+ a2+ a2 is a positive

definite bilinear form in the coordinates o, a4, a, of
u, #, :={we%|u, (u) =0} is also an ideal of ¥ (see
Sect. 1 in I). 5, coincides with the radical %(%) of 4
H,,:={weG|u,(w)=0} as the intersection of the
ideals 5, and , forms also an ideal. The abelian
ideal 5, is the nilradical 4" (%) of 4. For these ideals
J the (bi-)linear invariants of an arbitrary element

u= Y o;v;€H relative to the group Int(#) of the
i=1

inner automorphisms # — 3 were calculated (using
the REDUCE 3.2 program BINV). They are listed in
Table 3, where the dimensionality, the rank and the
total number of functionally independent scalar in-
variants (cf. (10)) for these ideals # are also shown.
According to the techniques for the construction of
an optimal subalgebraic system @Y for the Lie alge-
bra ¢ described in Sect. 1 in I, our aim during the
classification process is to shorten the search for the
conjugacy classes in @Y by separating all the one-di-
mensional subalgebras of ¢ in nonintersecting algebra
classes with the aid of the calculated invariant bilinear
forms (relative to the inner automorphisms group
Int(%)). Since these classes are invariant relative to all
inner automorphisms % — %, subalgebras of different
classes cannot be conjugate (see subsection 1.1 in I). In
order to determine these invariant algebra classes, we

>

first choose a nonzero vector u= 3} o;v,€ 4 with
j=1
arbitrary coefficients a,, ..., a,, whiéh spans the one-
dimensional subalgebra 5 (), and consider the (bi-)-
linear invariants of u. Then we try to “simplify” the
basis vector u of a representative subalgebra s# (u) for
any of the determined algebra classes by calculating a
conjugate element

M-

w= & v;:=Ad(g = exp(e; vy) - ... exp(e, v,)) (w)

j=1
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with proper values for the real numbers ¢, ..., ¢, such
that as much coefficients &, , ..., &, vanish as possible.
The various alternative cases give the conjugacy of simplicity we choose ag=1.) or u= 3 o;v;#0.
classes of conjugate subalgebras and, from them, an e
optimal system @Y for % (see subsection 1.2 in I).
Since @V with &*)(u, u) = a} is an invariant bi-
linear form, any one-dimensional subalgebra # (u) of
% belongs to one of the two nonintersecting algebra
classes given by V) (u,u) >0 and & (u, u) =0, re-
spectively. Thus, we only must investigate subalgebras A ag=1

"
H (u) of ¥ with either u= Y o;v; + vg (For the sake
j=1 7

Each of these two algebra classes can be further sepa-
rated in the two classes with @ (u, u) = a?:= a2 + o
+a2>0and ¢ (u, u) = a’>=0 (a5 = ag= o, = 0), re-
spectively. Hence, we concentrate on the four non-
intersecting algebra classes

and a>0,
B: ag=0 and a>0,
C:oag=1 and a=0,

D: ag=0 and a=0.

(From the Casimir polynomial Cy with Cg(u) = K4 (u, u) = 4(—a*+ o) it follows only a separation of all the
one-dimensional subalgebras  (u) into the three algebra classes given by Cy(u) >0 (a3 < a?), Cy(w) =0

8
(x3=a% and Cg(u)>0 (x3>a?).) In addition, we investigate the vector #= Y & v, = (Ad(exp(eqve))
8 =1

&
° Ad(exp (e, v-)) () for u = 3 a;v; #0 with ag=1 or ag= 0. If we choose
j=1

arctan (E(i> for a5#0

s
T n(og) for a5=0 and ag#0
2 gni%e 5 6
&, =
F arctan (2) for a3#0 and as=ag=0a,=0
*x3

igsign(az) for a,#0 and ay=as=0g=0a,=0

(The upper (lower) sign is choosen for a, > 0 (x, < 0).) and

ok 71 A2
_arctan<l/T__2> for J/a5+a5>0
as+ ag
T .
—551gn(oz7) for as=0¢=0 and a,#0
&g =
xi 24 2 e
—arctan(l/ = 2) for J/a3+a3>0 and as=ag=0a,=0
az+ a3
L
—551gn(al) for a,=az=0as=ag=0a;=0

8 3
we find that u= Y o; v, # 0 with ag=1 or ag= 0 is conjugate either to & = 21 & v+ a0, + avs+ agvg for
j=1 j=
a>0ortod=+)/af+ a3+ a}vs+ o, v,+ agvgfora=|/ai+ af+ af = 0, where the upper (lower) sign holds
for a,> 0 (2, < 0). Thus, we can restrict our investigation to the four classes 4, B, C, D of one-dimensional
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subalgebras 5 (u) of ¥ spanned by

or
Ug: =00+ a0, + 0303+ 40,1+ Vs
u= or

or

up =003+ a,0, #0

Uy =00+ 00, + 0303+ 0, 0,+ X505+ Vg
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with as>0

uc =azv3+a,v,+ vg with a3>0 (23<0) for o, >0 (2,<0)

with a3 >0 (23<0) for a,>0 (x,<0)

Since any one-dimensional subalgebra # (v) of ¥ must be conjugate (relative to Int(%)) to one of the four
nonintersecting classes 4, B, C, D, which are invariant relative to Int(%), we only must consider the four classes

independently:

A) Any vector u  is a regular element (see Sect. 1 of I)
of ¢, for which the number of distinct roots of the
Killing polynomial is maximized. Furthermore,
is conjugate to the regular element w,,:=dsvs+vg
of ¢ with &5 > 0, since the inner automorphism

H 5

° Ad(exp (a3 3)) ° Ad(exp (2, 24))

maps u, to w,, with a5=a;s.

As Case 2 in Table 3 indicates, the scalar invari-
ants of ug € #, = 9V (relative to Int(#,,)) are a,,
as=1and ayas= a;. By applying the inner auto-
morphism Ad(exp(e, v,)) ° Ad(exp (e, v,)) with the
real coefficients ¢, = (a; — «,)/2 and &, = (x, +@,)/2
to ug, one finds that uy is conjugate to dp= a3 v
+a,v,+vs. If a, =0, ig= a5 v;+v5 is conjugate
either to w,:= v for a;=0 or to

B

~

Ad(exp(—log |as| vg)) (2303 + v5)
=t (3t ovs)=:1w;

for a3# 0. In case of a, #0 one proves that the
vector &g is conjugate to

ip = Ad(exp(—log |y |vg)) (@)
= ay/|ay| v3+ sign(a,) v+ vs .

Since

Ad(exp(nv,)) (@3 03— vy + v5) = — (G303 + v, + v5),

it is possible to choose w, := @3 v+ v, + vs With

@, € R as a representative for up in case of a, # 0.
C) The only nonzero invariant of the regular element

uc in the ideal 2 (%)=, is its coefficient ag=1

(see case 3 in Table 3). The vector u. is conjugate

to w,,:=vg, as is easily verified by using the inner
automorphism Ad(exp (a3 v;)) °© Ad(exp (o, v,)).

D) The scalar invariants of up, = a3 03+ a, v, € #,, =
N'(%) are a5 and a,, which can be read from case 4
in Table 3. In case a, # 0, u, is conjugate to wy :=
dyv3+ v, with &; >0 (see the calculations for
class B). If a, =0, the vector uj, is a multiple of
We = V3.

So an optimal system ®Y for the Lie algebra % is the
union of the one-dimensional subalgebras #(w,), ...,
H# (wg), which are summarized in Table 4. (For simplic-
ity the tilde of the coefficients &; is dropped.) In this
table the real coefficients a3 and a5 are nonnegative
numbers, unless otherwise stated. (If 0 < a3 # &3>0,
the two subalgebras #(xyv;+ v,) and H(G3v;+ v,)
stand for nonconjugate one-dimensional subalgebras of
%.) With regard to the discrete symmetries (8) of the
3-D VMS a further “simplification” of the members in
®Y is possible. For example, the subalgebras (v +v5)
may be replaced by # (v3+ vs), since S,(v;— v5)=
— (v3+ v5).

In order to construct an optimal subalgebraic sys-
tem ©F for ¢ with the aid of the “method of expan-
sion” of the members in @Y, one has to determine the
normalizers Nor(#(w)) := {ve 9 | [v, w;] € #(w)} of

Table 4. Optimal system @ of one-dimensional subalgebras
(a3, a5 = 0).

H(v3) H(azv3+v,)
H(vytvs) H(vs)

H(oyv3+ v+ v5) with az;eR
H (o5 05+ vg)
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Table 5. Normalizers of the subalgebras # in @Y and possible representatives " in @,

8
H (u) € OF Nor ( (u) A (u, v) <v= > B vkeNor(Jf(u))/éf(u)>
k=1
H (v3) H(vy,...,05,0g) H(v3, Byoy+ Bavy+ Bavs+ Bsvs+ Py vg)
8
H(v,) g4 f(”mﬂl v+ B+ Bfyvs+ _25 ﬁjvj>
i=
H(azv3+0,) (23>0) H(vy,...,05,0g) H (a3 03+ v, Brog+ B 0.+ B3 vs+ Bsvs+ g vg)
H (3 03+ v+ v5) H(v3,0,,05) H (a3 03+ v,+ vs, B3 05+ s vs)
9?(!?3105) '#(vs’ Uy, ”5) f(vsi v57ﬂ3 vy+ .34174)
H (vs) H(v3, 04, 05) H(vs, Byvs+ Py v,)
H (vg) H(vs,...,05) A (vg, Bsvs+ g v+ B v,)
H(asvs+vg) (5> 0) H (vs, vg) H(as v5+ vg, vg)

Table 6. Optimal system ©®F of two-dimensional subalgebras
(o, o3, 005> 0).

H(v,,vs) H(vy, 00,4+ v,) H(vs,v,+ vs)
H(vy,v5) H(vy, as505+ vg) H(ozv3+0v,,05105)
H (o3 03+0v,,05) H(azvs+v,,a505+0g) with azeR

H(vs, vg)

the subalgebras #/(w,) in ©f for j=1,...,6. These
normalizers are listed in Table 5 and were calculated
using the REDUCE 3.2 program NORM, which was
briefly described in Sect. 1 in L. In the next step during
the classification process (see subsection 1.2 in I), we
choose for every one-dimensional subalgebra # () in

8
©7 an arbitrary nonnull vector v= Y B, v, € Nor (#(u))/
k=1

H(u) (B, ..., Bs € R) and list the resulting two-dimen-
sional subalgebras J¢ (u, v) of % (see also Table 5). From
the resulting list of solvable subalgebras o~ we delete
the conjugate ones except of one representative for
every conjugacy class. The remaining representatives
form an optimal subalgebraic system ®@% for ¢, which
is given in Table 6.

Analogously to the above given construction of
0%= 0%, optimal subsystems ®? of s-dimensional
solvable subalgebras in ¥ may be constructed for
3 <s <7 (cf step 1 in subsection 1.1). Since there are
no seven-dimensional solvable subalgebras of ¥, ©%
is an empty list. As noticed above, ¥ is the semidirect
sum of its five-dimensional radical #(%) with basis
{vy,v,,v3,0,4,05} and the semisimple three-dimen-
sional Levi subalgebra . := (3, R). Thus, an opti-

mal subsystem ©7 is given by the Levi factor #0 (3, R)
spanned by vs, ve, v;. Hence, all optimal subsystems
O of s-dimensional semisimple subalgebras in
FO3,R) for 4 <s<7 are empty sets (cf. step 2 in
subsection 1.1). According to step 3 in the subsection
1.1, there remains the task of classifying the s-dimen-
sional subalgebras of % with non-trivial Levi decom-
positions by means of optimal subsystems ©F for
3 <s<7. Since the choosen Levi factor £ has the
dimensionality d(#) =3, ©% is empty and optimal
subsystems @ for 4 < s <7 can be constructed by con-
sidering the conjugacy classes of s-dimensional sub-
algebras of type #' =% ®, ¥0 (3, R), where #' is a
(s — 3)-dimensional solvable subalgebra of % such that
R NLOB,R)=0 and [#,F0O3,R)] =« £ hold.
Full optimal subalgebraic systems @ for the Lie alge-
bra ¢ of infinitesimal symmetries admitted by the 3-D
VMS are shown in Table 7 for s = 3, ..., 7, where the
real numbers o5, o,, a5, &g are non-negative, unless
otherwise stated. Clearly, ®% contains only % itself.
From the full optimal subalgebraic systems ®¢ for
% the corresponding optimal systems @ of s-parame-
ter subgroups for the symmetry group G = exp(¥%)
admitted by the 3-D VMS follow by exponentiating
the infinitesimal generators, which span the choosen
s-dimensional subalgebraic representative in @Y
(1 <s<8). In general, the calculation of reduced sys-
tems of IPDEs, which are associated to the subgroups
in the optimal systems for G containing the rotation
group <0 (3, R), fails (cf. Olver [4]). Therefore, one is
only interested in the optimal subsystems @ of solv-
able subgroups of G for s = 1, ..., 6 during the classifi-
cation of the similarity solutions of the 3-D VMS. Fur-
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Table 7. Full optimal systems © of s-dimensional subalgebras in ¢ for s=3,..., 7.
CH 63: H(vy,0,,05) H(vy,0,,0305+0,)
H(v,,0,,a305+ 0+ 05) H(v,,v,,031 v5)
H(vy,0,, 05+ 0tg vg) H(v,+ a,v,,0,,0g)
H(v3,0,,05) H(v3,0,, s Vs + Vg)
H(v3+ a, v,, 05, 0g) H(vy, Vs, vg)
67: H(vs,06,0,) = FO3,R)
o7 67: H(0,,0,,0;,0,) =N (%) H(v,,0,,05,0,+ v5)
H(vy,0,,0;,05) H(vy,0,;,0;3,05 05+ vg)
H(v,,0,,0303+ 0,051 05) H(v,,0,,0303+0,,05)
H(vy,0,,03 034+ 0,05 05+ 0g) with a;eR H(vy,v,,0s,0g)
H (v3, 04,05, g)
e1: H (04,05, 06, 07) = H (0,)  SOB,R)
H (vs, Vg, V7, 05) = H (v5) ® SOB3,R)
CH 61: H (v, 0,,03,0,,05) H(v,,0,,05,0,,05 05+ Vg)
H(vy,0,,05,0,+ 05, 0g) H(vy,0,,0;3,05,0g)
H (v, 05,0303+ 04,05, 0g)
e1: H (04,05, 06,07, 05) = H (v4, v5) ® SO, R)
Gg @z: H(vy,0,,03,04,0s,0g)
o: H(vy,0,,05,0s, 05, 0,) = H (v,,0,,03) D, FOB,R)
o7 e7: H(01,0,,03,0,,05,06,0,) = H# (9,,0,,035,0,) & FOG,R)

H(v,,0,,03,0s,05,0,,05) = K (v,0,,05,05) D, OB, R)

thermore, no s-parameter subgroup in @¢ leads to a
reduced system in n—s = 7 —s independent variables if
s=5 or s=6. So the task to classify the similarity solu-
tions of the 3-D VMS can be carried out on the basis
of the reduced systems of IPDEs, which are associated
with the members of the optimal subalgebraic subsys-
tems ©F with 1 < s < 4. Lack of space precludes pursu-
ing this interesting investigation here, and the reader is
refered to my PhD thesis (to appear in 1993).

3. Concluding Remarks

An effective, systematic means to classify the simi-
larity solutions of a given system of PDEs (IPDEs),
which admits a finite-dimensional Lie point symmetry
group G with its real Lie algebra ¥, are optimal sys-

tems of the group-invariant solutions, since every
other such solution can be derived from these systems.
The problem of classifying the similarity solutions by
means of optimal systems leads to that of finding the
equivalence classes of subalgebras for the Lie algebra
% under conjugation. Full optimal subalgebraic sys-
tems for % follow from these conjugacy classes. In my
previous work I [11] and in this paper, the techniques
for the classification process for the subalgebras of %,
which are well described by Ovsiannikov [1], Ibragi-
mov [2], and Olver [4], were summarized, and further
developments of these techniques based on the com-
puter-aided calculation of the bilinear invariant forms
for the real valued inner automorphisms 4 — ¢ were
presented. In comparison with the usual techniques to
obtain optimal subalgebraic systems the refined tech-
nique using the invariance properties of these forms
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saves a lot of time during the classification process.
The advantage of this modified method was demon-
strated here by applying it to the eight-dimensional
Lie algebra of infinitesimal symmetries admitted by
the non-relativistic 3-D Vlasov-Maxwell equations for
a multi-species plasma without a background and ex-
ternal fields.

A more detailed description of the techniques to
obtain optimal systems of subalgebras for the finite-
dimensional real Lie algebra of infinitesimal sym-
metries admitted by a given system of PDEs or IPDEs
will be stated in my PhD thesis (in German). In addi-
tion, the modified method to construct optimal subal-
gebraic systems, which is based on the knowledge of
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* Note added in proof: In subsection 1.2 in I the following
statement is given: If u is a regular element of the finite-di-
mensional real Lie algebra ¥, then there exists a conjugate
regular element w of % such that all the coefficients of w
which are functionally independent of the invariants of w
(relative to Int (%)) vanish. This is only correct under some
additional conditions, which are fulfilled for all real Lie
algebras under consideration.



