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"Optimal systems" of similarity solutions of a given system of nonlinear partial (integro-)differen-
tial equations which admits a finite-dimensional Lie point symmetry group G are an effective 
systematic means to classify these group-invariant solutions since every other such solution can be 
derived from the members of the optimal systems. The classification problem for the similarity 
solutions leads to that of "constructing" optimal subalgebraic systems for the Lie algebra 'S of the 
known symmetry group G. The methods for determining optimal systems of s-dimensional Lie 
subalgebras up to the dimension r of 'S vary in case of 3 < s < r, depending on the solvability of 'S. 
If the r-dimensional Lie algebra 'S of the infinitesimal symmetries is nonsolvable, in addition to the 
optimal subsystems of solvable subalgebras of 'S one has to determine the optimal subsystems of 
semisimple subalgebras of 'S in order to construct the full optimal systems of s-dimensional subal-
gebras of 'S with 3 < s <r. The techniques presented for this classification process are applied to the 
nonsolvable Lie algebra 'S of the eight-dimensional Lie point symmetry group G admitted by the 
three-dimensional Vlasov-Maxwell equations for a multi-species plasma in the non-relativistic case. 
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Introduction 

Simi lar i ty analys is is a p o w e r f u l too l for o b t a i n i n g 
exact s imi lar i ty so lu t i ons of (nonl inear ) p a r t i a l differ-
ent ia l e q u a t i o n s (PDEs ) . I n th is p a p e r we a s s u m e t h a t 
the r e a d e r is fami l ia r w i th m o s t of the r e q u i r e d t h e o r y 
of these a p p l i c a t i o n s of Lie g r o u p s t o P D E s , w h i c h a r e 
sys temat ica l ly a n d well desc r ibed in the t e x t b o o k s of 
O v s i a n n i k o v [1], I b r a g i m o v [2], B l u m a n a n d C o l e [3], 
O lve r [4], B l u m a n a n d K u m e i [5], a n d S t e p h a n i [6]. 
T h e inc lus ion of in teg rod i f fe ren t i a l e q u a t i o n s ( I P D E s ) 
in the Lie g r o u p m e t h o d w a s ca r r ied o u t b y s o m e 
a u t h o r s , especial ly T a r a n o v [7], M a r s d e n [8], Ta j i r i [9], 
a n d R o b e r t s [10], a n d we refer t he r eade r t o t h e m e n -
t ioned p a p e r s for de ta i l ed i n f o r m a t i o n in th i s case . 

As m e n t i o n e d in m y p r e v i o u s p a p e r [11] ( fu r the r 
refer red as I), t he m a i n a i m s of the s imilar i ty ana lys i s 
of a g iven sys tem J5" of P D E s (or I P D E s ) in n i n d e p e n -
den t a n d m d e p e n d e n t rea l va r iab les a re t o c a l c u l a t e 
a n d t o classify the s imi lar i ty so lu t ions of F i r s t o n e 
has t o d e t e r m i n e the m a x i m a l Lie p o i n t s y m m e t r y 
g r o u p G a d m i t t e d by T h i s g r o u p G cons i s t s of all 
the real va lued t r a n s f o r m a t i o n s ac t ing on a n o p e n a n d 
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which leave the sys tem & i n v a r i a n t a n d m a p (g r aphs 
of) so lu t ions to (g raphs o f ) so lu t ions . T h e r e q u i r e d the-
o ry a n d desc r ip t ion of the techniques to de t e rmine this 
connec ted local t r a n s f o r m a t i o n g r o u p G c a n be f o u n d 
in the m e n t i o n e d b o o k s (see especial ly O v s i a n n i k o v 
[1] a n d O lve r [4]). 

In w h a t fol lows, we a s s u m e t h a t G is a k n o w n /--pa-
r a m e t e r s y m m e t r y g r o u p a d m i t t e d by 2F, w h e r e r is a 
n a t u r a l n u m b e r . A s imilar i ty so lu t i on of t he s - p a r a m -
eter s u b g r o u p H of G (H-invariant s o l u t i o n of IF ) is a 
so lu t i on of w h o s e g r a p h is i n v a r i a n t re la t ive t o t he 
e l emen t s of H a n d m a y be o b t a i n e d , u n d e r a d d i t i o n a l 
r egu la r i ty a s s u m p t i o n s o n the ac t i on of H o n M , by 
so lv ing a r educed sys tem of P D E s ( I P D E s ) w i th n — s 
i n d e p e n d e n t a n d m d e p e n d e n t va r i ab les (see e.g. O l v e r 
[4]). I t is n o t usua l ly feasible t o list all poss ib le s imi lar-
ity so lu t ions of all t he s - p a r a m e t e r s u b g r o u p s , s ince 
the n u m b e r of these s u b g r o u p s is a l m o s t a lways in-
finite, a n d to each s - p a r a m e t e r s u b g r o u p t he r e will 
c o r r e s p o n d a fami ly of g r o u p - i n v a r i a n t so lu t ions . 
The re fo re , o n e desires to min imize the sea rch fo r s im-
i lar i ty so lu t ions by l ist ing the essent ial ly d i f ferent 
g r o u p - i n v a r i a n t so lu t ions , wh ich leads t o the c o n c e p t 
of a n o p t i m a l sys tem of s imi lar i ty so lu t i ons f r o m 
wh ich every o t h e r such so lu t ion can be der ived . T h e 
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concept is based on the following result (see Olver [4]): 
F o r any g e G with g $ H a H-invar iant solution is 
t ransformed to a g • H • g~ ^ invar ian t solution, where 
the two subgroups H and g • H• g'1 are called conju-
gate. If H and H' denote two s-parameter subgroups 
of G, then a H-invar iant solution and a similarity 
solution of the subgroup H' are called essentially dif-
ferent if H and H' are not conjugate, i.e. there exists no 
element g e G such that H' = g • H • Thus, the 
classification problem for the similarity solutions of 
s -parameter subgroups of G leads to that of separating 
the collection of all s -parameter subgroups of G into 
conjugacy classes of subgroups. A minimal list of non-
conjugate s -parameter subgroups (one f rom every 
equivalence class) with 1 < s < r is said to be an opti-
mal system O f for the symmetry g roup G. In order to 
classify the similarity solutions of one is interested 
in opt imal systems O f with 1 < s < min (r, n). 

The problem of finding an optimal system O f for G 
is equal to tha t of finding an optimal system O f of 
s-dimensional subalgebras for the r-dimensional real 
Lie algebra ^ of the symmetry g roup G, where the Lie 
algebra of G is identified with the isomorphic Lie alge-
bra ^ of the Killing vector fields on M whose flows 
coincide with the actions of the one-parameter sub-
groups of G on M (see e.g. Olver [4]). Here, a list of 
s-dimensional subalgebra forms an optimal system 
O f if every s-dimensional subalgebra X of ^ is con-
jugate to a unique member J f of the list under some 
element of the adjoint representation, i.e. there is an 
inner au tomorph i sm with g&G such 
that Ad (g)(Jt) = J f . 

A detailed description of most of the known tech-
niques for the construct ion of optimal subalgebraic 
systems for the Lie algebra of infinitesimal symmetries 
admit ted by a system of P D E s can be found in the 
textbooks of Ovsiannikov [1], Ibragimov [2], and Olver 
[4], where also a few examples are given. Following 
Ovsiannikov [1] and Ibragimov [2], Galas [12] for-
mula ted an "a lgor i thm" for the determinat ion of opti-
mal systems of s-dimensional subalgebras of an arbi-
t rary real Lie algebra ^ of infinitesimal symmetries for 
1 < s < r, where the classification process varies, de-
pending on the solvability of & in case of 3 < s < r. 
F o r a nonsolvable Lie algebra ^ the problem of clas-
sifying its s-dimensional subalgebras with 3 < s < r is 
generally harder (see below). 

In a series of papers (cf. [13], [14], and [15]) Patera, 
Sharp, Winternitz, and Zassenhaus developed another, 
but related method of classifying the subalgebras of a 

real (complex) finite-dimensional Lie algebra under 
conjugat ion and applied it to some fundamenta l Lie 
algebras of physics. Especially for the Poincare alge-
bra (see [13] an d also [16]) these au thors gave a com-
plete classification of its subalgebras up to dimension 
five relative to the group of complex valued inner 
au tomorph i sms of the algebra. 

Recently, Coggeshall and Meyer-ter-Vehn [17] de-
termined the 14-parameter Lie point symmetry g roup 
admit ted by the three-dimensional, one- temperature 
hydrodynamic equations, including conduct ion and a 
thermal source. (Related systems were investigated 
by Ovsiannikov [1], Coggeshall and Axford [18], 
Coggeshall [19]). F o r a seven-parameter solvable sub-
group cor responding to two-dimensional axisymmet-
ric geometry they calculated opt imal systems of one-
and two-dimensional subalgebras of the Lie algebra of 
this subgroup using the techniques described by 
Ovsiannikov [1] and Galas [12]. 

In I a survey of these known techniques for the 
construct ion of opt imal subsystems of solvable sub-
algebras for the real Lie algebra ^ of an arbi t rary 
finite-dimensional Lie point symmetry g roup is given. 
Fur thermore , in I a modified method, which is based 
on the propert ies of the bilinear invariant forms (rela-
tive to the local Lie group of the inner au tomorph i sms 
of the Lie a lgebra ^ or relative to the groups of the 
inner a u t o m o r p h i s m s of its subalgebras), is presented, 
where the calculat ion of these invariant bilinear (sym-
metric) forms m a y be done using computer-a lgebra 
programs, exspecially the R E D U C E 3.2 p rograms 
OPTSYS and BINV, which are also described in I. The 
knowledge of the associated "l inear" and "bilinear" 
invariants of an arbi t rary vector in ^ is helpful dur ing 
the process of classifying the solvable and nonsolvable 
subalgebras of since these invariants cannot be 
changed by the full adjoint action. The advantage of 
this modified technique is shown in I by applying it to 
the nine-dimensional solvable Lie algebra of infinites-
imal symmetries admit ted by the two-dimensional 
non-stationary ideal magnetohydrodynamic equations. 

In case of a solvable r-dimensional real Lie algebra 
the opt imal subsystems © f of solvable s-dimen-

sional subalgebras of ^ with 1 < s < r are full opti-
mal systems O f , since any subalgebra of ^ is also 
solvable (see e.g. lemma 1 in I). Since the techniques 
for obtaining op t imal subalgebraic systems for a solv-
able Lie a lgebra or optimal subsystems of solvable 
subalgebras of an arbi t rary real finite-dimensional Lie 
algebra have been discussed in I, we restrict our at ten-
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t ion in the present w o r k to the p r o b l e m of classifying 
the 5-dimensional suba lgebras of a n a rb i t ra ry n o n -
solvable r -d imens iona l real Lie a lgebra ^ by means of 
full op t imal suba lgebra ic systems @f with 3 < s < r. 
A descr ipt ion of the techniques for this classification 
process based on the invest igat ions of Ib rag imov [2] is 
given in Section 1. In add i t ion t o the op t imal sub-
systems Ö F of 5-dimensional solvable subalgebras , 
one has to de te rmine op t ima l subsys tems © f of the 
s -d imensional semisimple suba lgebras of a Levi sub-
a lgebra i f of ^ a n d op t ima l subsys tems 0 f of s-di-
mens iona l suba lgebras wi th non- t r iv ia l Levi decom-
posi t ions. 

T h e p rob lem of de te rmin ing op t ima l subsystems 
© f for a semisimple Levi fac tor i f of ^ leads to the 
classification theory of complex semisimple Lie alge-
bras a n d their real forms, which is the great achieve-
men t of the classical w o r k of C a r t a n a n d Kill ing a n d 
is t rea ted in mos t b o o k s on Lie a lgebras (see e.g. 
V a r a d a r a j a n [20]. Since in course of similarity analysis 
of P D E s ( IPDEs) one f requent ly f inds three-dimen-
sional real Levi subalgebras , we only investigate these 
cases. 

In Sect. 2 the th ree-d imens iona l (3-D) Vlasov-
Maxwel l equa t ions (VMS) for a multi-species p l a sma 
in the non-relat ivis t ic case are regarded . This system 
admi t s an e igh t -pa ramete r real Lie po in t symmet ry 
g r o u p G with a nonso lvab le Lie a lgebra T h e g r o u p 
G con ta ins the th ree-d imens iona l Eucl idean g r o u p 
E(3), which is the semidirect p r o d u c t of the ro ta t ion 
g r o u p S O (3, IR) a n d the g r o u p of space t rans la t ions 
T(3), the o n e - p a r a m e t e r g r o u p of t ime t ransla t ion, 
a n d one scaling g roup . Us ing the techniques described 
in I a n d in Sect. 1, we de te rmine full op t imal systems 
of s -d imens iona l suba lgebras of the e ight-dimensional 
Lie a lgebra ^ for s = 1 , . . . , 8. Here , the (bi-)linear in-
var ian ts of an a rb i t r a ry vector in the Lie a lgebra ^ 
(relative to the g r o u p of inner a u t o m o r p h i s m s of the 
Lie a lgebra are r a the r helpful to ob ta in op t imal 
subalgebra ic systems, since wi th the aid of these in-
var ian ts it is possible to shor ten the lengthy classifica-
t ion process in c o m p a r i s o n with the usual techniques. 

1. O p t i m a l Sys tems for Nonsolvable Lie Algebras 

In this section we describe the basic tools for the 
cons t ruc t ion of full op t ima l systems of s -d imensional 
suba lgebras for the real Lie a lgebra ^ of a given 
r -pa rame te r Lie po in t symmet ry g r o u p G admi t ted by 

a system of par t ia l (integro-)differential equa t ions , 
where s e N and r e N deno te na tu r a l numbers . Here, 
we restrict mos t of ou r a t t en t ion to the task of classi-
fying the s -d imensional suba lgebras for a nonso lvab le 
Lie a lgebra ^ in case 3 < s < r, since the techniques 
for ob ta in ing op t imal subsys tems of solvable subalge-
bras of a nonsolvable Lie a lgebra ^ are summar ized 
in I. T h e fol lowing descr ipt ion of the avai lable tech-
niques is based on the t ex tbooks of Ovs i ann ikov [1] 
and Ib rag imov [2], which G a l a s [12] used to fo rmula t e 
an "a lgor i thm" for the de t e rmina t ion of op t imal sub-
algebraic systems wi thou t using the invar ian ts of the 
g r o u p of the inner a u t o m o r p h i s m s . These invar ian ts 
can play an i m p o r t a n t role du r ing the cons t ruc t ion of 
opt imal subalgebra ic systems (see e.g. Sect. 1 in I). F o r 
the proofs of the theo rems s ta ted below we refer the 
reader to the usual b o o k s on Lie g roups a n d Lie alge-
bras, for example J a c o b s o n [21], Sagle a n d Walde [22], 
Varada ra j an [20], o r Hilgert a n d N e e b [23]. 

In what follows, we deno te the d imens ion of the real 
f ini te-dimensional Lie a lgebra ^ by d ( ^ ) := d i m ( ^ ) 
= r e N a n d assume tha t a basis of & is given by 
{»! , . . . ,» , .} . Then any g in a n e i g h b o u r h o o d of the 
identity element of the Lie po in t symmet ry g r o u p G 
with Lie a lgebra ^ m a y be wri t ten as 

g = exp(e 1 px) • . . . • exp(e r vr), (1) 

where • denotes the g r o u p mul t ip l ica t ion in G and the 
coefficients £ x , . . . , £r g R are called canonica l coord i -
nates of ther second kind (see Hilgert a n d N e e b [23]). 
A full opt ical system O f of s -d imensional suba lgebras 
of ^ with s < r is defined as the un ion of the represen-
tatives of conjugate (or similar) algebra classes of given 
dimension s (one f rom every class), where two s-di-
mensional suba lgebras X a n d J f are called con juga t e 
if there exists an inner a u t o m o r p h i s m Ad(gf) e I n t ( ^ ) 
(g g G) such tha t Ad { g ) ( X ) = J f . Here, the general 
inner a u t o m o r p h i s m in the local Lie g r o u p I n t ( ^ ) 
consist ing of all inner a u t o m o r p h i s m s & -*• & m a y be 
given by 

Ad(g = exp(e 1 v t ) • . . . • exp(e rv r)) 

= Ad(exp(e 1 » 1 ) o . . . o Ad(exp(g r » r ) ) , (2) 

where the l inear m a p p i n g Ad(g = exp(sv)): & 
m a p s the vector w e ^ to the Lie series 

oo g* 
Ad (exp (£!>))( H>) = exp (£ ad (r)) (w) = £ T 7 ( a d (p))* ( w ) 

k = o kl 

E2 

= w + £ [w, r] + — [[m>, » ] , t > ] + . . . , (3) 
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and the inner derivation ad(r) for a given o e ^ is 
defined by 

H> ^ ad(»)(w>) := [w, v] (4) 

(see Ovsiannikov [1] and Olver [4]). Clearly, O f con-
sists only of the Lie algebra ^ itself. 

Since all one- and two-dimensional Lie algebras are 
solvable, the opt imal subalgebraic systems O f and O f 
for an arbi t rary real finite-dimensional Lie algebra ^ 
consist only of solvable Lie subalgebras and can be 
constructed using the techniques described e.g. in 
Sect. 1 in I. Therefore 0 f = & f holds for j = 1, 2. Fo r 
a solvable real r-dimensional Lie algebra any of its 
subalgebras is solvable (cf. lemma 1 in I) and an opti-
mal subalgebraic system © f + 1 with 1 < s < (r — 1) 
may be obta ined by the "method of expansion" (see 
subsection 1.2 in I) of the representative members of a 
known opt imal system O f , since, according to the Lie 
theorem in I, every ( s + l)-dimensional solvable alge-
bra conta ins an s-dimensional solvable subalgebra. 
This still holds when one looks for the solvable sub-
algebras of an arb i t rary real Lie algebra ^ in order to 
obta in opt imal subsystems Ö f of solvable subalgebras 
for ^ (see e.g. Ibragimov [2] and I). 

To classify subalgebras of dimensionali ty 2 < s < r 
in the case of a nonsolvable real r-dimensional 
Lie algebra one can sucessfully employ the Levi-
Mal 'cev theorem asserting the existence and unique-
ness (up to conjugat ion) of the Levi decomposi t ion of 
^ into a semidirect sum of its radical and a semisimple 
Levi factor (see e.g. Ibragimov [2]). Fur thermore , the 
M a f c e v - H a r i s h - C h a n d r a theorem gives an impor tan t 
addi t ion to the Levi-Mal'cev theorem such that most 
subalgebras of a nonsolvable ^ can be completely 
classified by means of bo th theorems (see e.g. Ovsian-
nikov [1] and Ibragimov [2]). In this paper , we restrict 
our a t tent ion to the task of classifying the s-dimen-
sional subalgebras of a nonsolvable real r-dimensional 
Lie algebra with a non-trivial Levi decomposi t ion in 
case 3 < s < r. First we give some basic definitions 
and theorems, which are necessary to state the Levi-
Mal'cev theorem and the M a l ' c e v - H a r i s h - C h a n d r a 
theorem and to proceed to the description of the tech-
niques available for the named classification problem. 

Theorem 1 (see e.g. Ovsiannikov [1] and Varadara jan 
[20]). Among the solvable (nilpotent) ideals of a finite-
dimensional Lie algebra there is a unique solvable 
ideal ${<£) (nilpotent ideal .Ar ) of maximal dimen-
sion, which contains any solvable (nilpotent) ideal o f S . 

This maximal solvable ideal Mi^) (nilpotent ideal 
.JV^S)) in y is called the radical (nilradical) of Then 

c= M ^ ) and <?] cz 

Hence, the radical of a f ini te-dimensional solvable 
Lie algebra ^ is ^ itself, i.e. = and its derived 
algebra := is a subalgebra of its nilradical 

The radical of any Lie algebra is invariant 
under all (inner) a u t o m o r p h i s m s of the Lie algebra 
(see e.g. Varadara jan [20]). 

Definition 1 (see e.g. Ib rag imov [2]). A noncommuta-
tive finite-dimensional Lie algebra , i.e. / 0, is 
said to be simple if it has no ideals different from the 
null algebra 0 and (0 consisting of the null vector and 
$ being called the trivial ideals in A finite-dimen-
sional Lie algebra $ is called semisimple if its radical 
reduces to zero, i.e. = 0. 

F rom theorem 1 and the above definition it follows 
that the factor algebra is semisimple for a 
finite-dimensional Lie algebra Since one- and two-
dimensional Lie algebras are solvable, i.e. the radical 
of such a Lie algebra is the algebra itself, there exists 
no semisimple Lie algebra ^ of dimension d ( ^ ) = 1 or 
d ( ^ ) = 2. In the course of similarity analysis of P D E s 
(IPDEs) one frequently encounters three-dimensional 
semisimple subalgebras of the real Lie algebra ^ of 
infinitesimal symmetries (see e.g. Ibragimov [2] and 
Ovsiannikov [1]). These semisimple real Lie algebras 
of dimensionality 3 must be i somorphic either to the 
Lie algebra (3, IR) of the ro ta t ion g roup S O (3, IR) 
or to the Lie algebra (2, IR) of all real 2 x 2-ma-
trices with trace zero, where bo th algebras are real 
forms of the complex Lie algebra 5 ^ ( 2 , (C) (see e.g. 
Jacobson [21]). Any three-dimensional real Lie algebra 
not containing two-dimensional subalgebras is iso-
morphic to the Lie algebra of ro ta t ions Sf(9 (3, IR) with 
the basis {ul, u2, u3} and the s t ructure [ux , u2] = u3, 
[u 2 , u 3 ] = u 1 , [ « 3 , m J = «2 ( s e e e-§- Ovs iannikov [1]). 
The special linear algebra (2, IR) spanned by the 
three basis vectors w 2 , w3 has the s t ructure 
K , h>3] = 2 w > ! , [h>2 , yv3] = — 2 w > 2 , [ » „ h>2] = h>3 a n d 

contains two-dimensional subalgebras (see Jacobson 
[21]). Both <9*0(3, IR) and ^ ( 2 , IR) are even simple 
Lie algebras. Instead of the above definition one can 
use the following criterion of semisimplicity of a finite-
dimensional real Lie algebra (S. 

Cartan's Criterion of Semisimplicity (see e.g. Ovsian-
nikov [1]). The r-dimensional real Lie algebra with 
basis {»!,..., vr} is semisimple if and only if the 
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Killing form & x & R , which maps the pair 
r r 

(m, v) of the two vectors u= ^ <xjvje'3,v = £ ßkvke<& 
j=1 k = 1 

with a.j, ßk e R (J, k = 1 , . . . , r) to 

K9(U,I0:=tr(ad(ii)°ad(r))=: £ *j Kfk ßk, 
j,k = 1 

is nondegenerate, i.e. det (Kfk) ^ 0. 

We call the real symmetr ic matr ix := ( K f k ) the 
Killing matr ix (relative t o the given basis { i ^ , . . . , vr} 
of the r-dimensional Lie algebra 

The radical of a finite-dimensional Lie algebra can 
be characterized with the aid of the Killing fo rm by 
the following theorem. 

Theorem 2 (see e.g. Ovsiannikov [1]). The radical 
01 ($) of the finite-dimensional Lie algebra $ is a set of 
elements ue^ for which K9 («, v) = 0 for any element v 
of the derived algebra <§{X) := 3], 

Using theorem 2, the R E D U C E 3.2 p r o g r a m O P T -
SYS (see I) determines the radical of the finite-dimen-
sional real Lie algebra ^ of infinitesimal symmetries. 

Definition 2 (see e.g. Ib rag imov [2]). Let be a Lie 
algebra. If J is an ideal in and J is a subalgebra 
(ideal) of <3 with J n / = 0 (and [ J , f ] = 0), then 
the direct sum of the subspaces J and ß of the vector 
space y forms a Lie algebra, which is called the semi-
direct sum (direct sum) of the subalgebras J and ß 
of y, denoted by ./ ©s / (J ® / ) . I f , in addition, 
J ©s f = <3 (J © f = then we say that <3 is the 
semidirect sum (direct sum) of J and #. 

The classification of a semisimple Lie algebra is 
based on the following theorem. 

Structural Theorem (see e.g. Ovsiannikov [1] or Hilgert 
and Neeb [23]). A finite-dimensional real Lie algebra <3 
is semisimple if and only if there exist simple ideals 

of <8 such that 

<3 = <3l ©<#2®...®%. 

The only ideals of <3 are the direct sums J = £ ^ w^th 
/ < z {1, . . . , * } . 

With the aid of this theorem it is established tha t 
every ideal of a semisimple Lie algebra is semisimple, 
and for a semisimple Lie algebra = (3. In essence, 
this theorem reduces the s tudy of semisimple Lie alge-
bras to that of simple algebras, which is well t reated 
in most books on Lie algebras (see e.g. Varada ra j an 
[20]). 
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The Levi theorem shows tha t any finite-dimen-
sional Lie algebra decomposes in the semidirect sum 
of its radical and a semisimple subalgebra. 

Levi Theorem (see e.g. Ibragimov [2] and Varadara jan 
[20]). Let <3 be a finite-dimensional Lie algebra <3 and 
MifS) its unique radical. Then <3 is the semidirect sum 

& = © sif (5) 

of -MifS) and a semisimple subalgebra if of *3, which is 
not uniquely determined. (5) is called a Levi decomposi-
tion and if is said to be a Levi subalgebra or Levi 

factor. If if is a Levi subalgebra of (3, then it is also a 
Levi factor of the derived algebra <3(1) of (3 and (3a) = 
\0tif3\ <3\ © s if is a Levi decomposition of<3(X). 

The Levi decomposit ion is trivial for semisimple 
Lie algebras {ß C3) = 0) and solvable Lie algebras 
(0tif3) = (3). The uniqueness (up to conjugat ion) of a 
Levi decomposi t ion for a finite-dimensional Lie alge-
bra is proved by the Mal 'cev theorem, which is a 
corollary of the following M a l ' c e v - H a r i s h - C h a n d r a 
theorem. 

Mal'cev-Harish-Chandra Theorem (see e.g. Ovsian-
nikov [1] and Varadara jan [20]). Let & be a fi-
nite-dimensional real Lie algebra, M{r3) its radical, 
and Jf(<S) its nilradical. If (3 = 9Hf3)®%<£ is a 
Levi decomposition of <3 with a semisimple Levi 
factor i f , then for any semisimple subalgebra Jt 
of <3 there exists w e <3 <w e [&C3), <3] c Jr{(3)~) such 
that the inner automorphism exp (ad (w)) e Int (<3) 
• <exp(ad(w)) e Int ( [ # ( # ) , # ] )> takes Jt into i f . 

Fo r the sake of simplicity we stated the above 
theorem in a weak fo rm (see e.g. Ovsiannikov [1]). In 
addition, we gave the strong form in parentheses < . . . ) 
(see Varadara jan [20]). 

Corollary 1 (see e.g. Jacobson [21]). Any semisimple 
subalgebra of a finite-dimensional real Lie algebra <3 
can be imbedded in a Levi factor of (3. 

Hence, every semisimple subalgebra of a finite-
dimensional real Lie algebra ^ is conjugate to a sub-
algebra of any Levi factor of <3. If = © s if' is an 
arbi t rary Levi decomposi t ion for a subalgebra J f of 
a finite-dimensional real Lie algebra where 

= is the radical of Jf and if' is a Levi sub-
algebra of Jf, then 0t' and if' are a solvable and a 
semisimple subalgebra of (3, respectively. Thus , the 
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Levi fac tor if' of Jf has to be conjugate to a semi-
simple subalgebra in any Levi subalgebra of <S. 

Mal'cev Theorem (see e.g. Jacobson [21] or Ibragimov 
[2]). Let $ be a finite-dimensional real Lie algebra and 
M (&) its radical. If there are two Levi decompositions 
<$ = £{<$) ® s © s if' of <S, then there is a 
H- 6 MifS) such that the inner automorphism exp (ad (w)) 
takes if' into if. 

The following corollary of the Mal 'cev theorem 
shows that the classification problem for semisimple 
subalgebras of a finite-dimensional real Lie algebra ^ 
is equivalent to the task of classifying the semisimple 
subalgebras of a Levi factor if of <&, considered inde-
pendent ly of 

Corollary 2 (see e.g. Ibragimov [2]). Let ^ be a finite-
dimensional real Lie algebra, M ( f S ) its radical, and if 
a Levi factor. Let M and yT be two conjugate semi-
simple subalgebras of the Levi subalgebra if, i.e. there 
is an inner automorphism Ad(#) e I n t ( ^ ) such that 
M = Ad (g) (.#"). Then there exists an inner auto-
morphism exp (ad (w)) g Int(if) with we if such that 
M = exp (ad(w ) ) (^T) . 

1.1 "Construction" of Full Optimal Subalgebraic 
Systems 

In what follows, we describe an "algori thm" to con-
struct opt imal systems of subalgebras for an arbi t rary 
r-dimensional real Lie algebra ^ with null center and 
the fixed basis { » ! , . . . , » , } . 

Remark. If the Lie algebra ^ contains a nonzero 
center := {w e £ | [«, w] = 0 Vi/ e ^ 0, then it 
is sufficient to classify the subalgebras of the fac tor 
algebra ^ / J T ( ^ ) by means of optimal subalgebraic 
systems, where the factor algebra is iso-
morph ic to the Lie algebra ad consisting of all the 
inner derivat ions (see e.g. Hilgert and Neeb [23]). If 
full opt imal systems of subalgebras are known for 
9/&C&) or for ad(^) , then they can be considered as 
known for the entire Lie algebra ^ (see e.g. Ovsian-
nikov [1] and I). 

Dur ing the construct ion of O f consisting of con-
jugacy classes of one-dimensional subalgebras of ^ 
one begins with the selection of a nonnull vector 

r 

u — X vj with OLj e R (J = 1 , . . . , r) and its image 
j= 1 r 

w := Ad(g)(tO = X ßkvk under the general inner 
k= 1 

a u t o m o r p h i s m Ad(gf) e I n t ( ^ ) given in (2), where 
g = exp(£x • . . . • exp(e rv r) with real parameters 

£ r . The values of these parameters should be 
choosen to achieve the max imum possible "simplifi-
ca t ion" of the real coordina tes , . . . , ßr of w. This 
permits the choice of the simplest representative of the 
class of conjuga te subalgebras to which the Lie alge-
bra spanned by u belongs, where the (" l inear" and 
"b i l inear") invariants of u (relative to I n t ( ^ ) ) place 
restrictions on how far one can expect to "s impl i fy" 
the vector w (see e.g. Olver [4] or I). The various 
possibilities of selecting u give the conjugacy 
classes of one-dimensional subalgebras and, f r o m 
them, an opt imal system O f (see e.g. Ovsiannikov [1] 
and I). 

In o rder to const ruct an opt imal system O f it is 
possible to use the " m e t h o d of expans ion" of the 
representat ive members of a known opt imal subalge-
braic system O f as described in I (see also Ovsian-
nikov [1]). Since any one- or- two-dimensional Lie al-
gebra is solvable, full opt imal systems O f and O f for 
^ are given by opt imal subsystems O f and O f of 
solvable subalgebras of where ^ m a y be solvable or 
not . 

If ^ is solvable, full opt imal subalgebraic systems 
O f are opt imal subsystems O f of solvable subalge-
bras for ^ for any s = 1 , . . . , r, since any subalgebra 
of & is solvable. Any opt imal subalgebraic systems 
Of+! for 1 < 7 < (r — 1) may be constructed using the 
me thod of expansion of the members of an opt imal 
system O f (see e.g. subsection 1.2 in I). 

F r o m now on, let the r-dimensional real Lie algebra 
^ be nonsolvable. If the radial of & and a Levi 
decomposi t ion (S = 0l(f§s) © s if are known, then the 
const ruct ion of fully opt imal systems O f of s-dimen-
sional subalgebras with 3 <s<r may be done succes-
sively in the following way (cf. Ibragimov [2] and 
Galas [12]): 

Step 1 (Optimal subsystems O f of solvable subalgebras). 
According to the const ruct ion of opt imal subsystems 
of solvable subalgebras (see subsection 1.2 in I), one 
determines an opt imal subsystem O f of all the non-
conjuga te s-dimensional solvable subalgebras of the 
Lie a lgebra ^ using the method of expansion for the 
representatives of an opt imal subsystem Of_ j . 

Step 2 (Optimal subsystems O f of semisimple subalge-
bras). Fol lowing corol lary 2, one determines in case of 
s < d(if) all the noncon juga te s-dimensional semi-
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simple subalgebras of the semisimple Levi subalgebra 
i f . If s = d ( i f ) , the only semisimple subalgebra is the 
Levi fac tor i f itself. If s is less than , or equal to, the 
dimension d ( i f ) of i f , an optimal subsystem 0 f of 
5-dimensional semisimple subalgebras of the Levi fac-
tor i f has to be constructed, which is empty if there 
is no 5-dimensional semisimple subalgebra in i f . Any 
semisimple subalgebra in i f . Any 5-dimensional semi-
simple subalgebra in ^ is then con juga te to one of the 
representatives in © f . 

Step 3 (Optimal subsystems 0 f of subalgebras with 
non-trivial Levi decompositions). F o r any existing con-
jugacy class of the y'-dimensional semisimple sub-
algebras of the Levi fac tor i f in an opt imal system Qf 
with 3 <j < 5 and j < d ( i f ) one chooses a represen-
tative semisimple subalgebra i f ' of ^ and determines 
all the (s — y)-dimensional solvable subalgebras 01' of 
<3 such tha t DT n if' ' = 0 and \0T', i f ' ] c 01' hold. The 
resulting 5-dimensional subalgebras of type 3f? = 
01' © s i f ' are listed. Wi th the aid of this list one con-
structs an optimal subsystem @f of these 5-dimen-
sional subalgebras. Any other 5-dimensional sub-
algebra of ^ with non-trivial Levi decomposi t ion is 
conjugate to a representative of a class in 0 f . 

Step 4 (Full optimal subalgebraic systems 0 f ) . The 
union of the three opt imal subsystems © f , © f and 
©f obta ined in this way forms a full opt imal sub-
algebraic system © f for (3. 

In case of s = 3 a full opt imal subalgebraic system 
© f for ^ is given by © f and © f . If the dimension of 
the Levi factor i f is d ( i f ) = 3, then <3 decomposes 
into the semidirect sum of its radical and i f , where the 
Levi subalgebra is isomorphic either to Sf&(3, R ) or 
to <9"if (2, R) . The Lie algebra of infinitesimal sym-
metries admit ted by the three-dimensional non-rela-
tivistic Vlasov-Maxwell system conta ins £F&(3, R ) as 
a three-dimensional Levi factor (see Section 2). 

Ovsiannikov [1] constructed in his example § 14.9 
full opt imal subalgebraic systems fo r a four -d imen-
sional reductive Lie algebra ^ with a three-dimen-
sional Levi factor i f i somorphic to the special linear 
algebra ^ i ? (2, R ) , where a Lie algebra is said to 
be reductive if its radical coincides with its center 
(see Varadara jan [20]). Since ^ is reductive, the Lie 
algebra <3 is the direct sum (&) © (see e.g. 
Varadara jan [20]) of the one-dimensional center 

and the semisimple derived algebra = i f 
i somorphic to (2, R) . 

In the course of similarity analysis of a system of 
P D E s (or IPDEs) one sometimes finds a finite-dimen-
sional real Lie algebra J of the infinitesimal sym-
metries of the given system, which is an ideal J in an 
arbi t rary real Lie algebra ^ for which opt imal sub-
algebraic systems are known. Thus , the question 
arises whether the task of classifying the subalgebras 
for the Lie algebra J under considerat ion may be 
simplified with the aid of the known opt imal sub-
algebraic systems for (3. In what follows, we describe 
a technique for this classification problem, where we 
assume that J is a proper r-dimensional ideal of the 
real r-dimensional Lie algebra ^ such tha t 0 < d ( J ) 
= r < d = r and the fac tor algebra <&IJ has a 
small dimension 0 < d (<3/J) = r — r. The latter con-
dition of small dimensionality of the fac tor algebra is 
stated for the sake of practicability of the techniques 
given below. The basic results for the construct ion of 
optimal systems for J are: If J is a p roper ideal of 
then exp (ad (»))( , / ) = J holds for any inner au to-
morph ism exp (ad (»)) g Int (&) with u e ^ . If the two 
5-dimensional subalgebras J f and JT of the ideal J in 
^ are nonconjugate (relative to I n t ( ^ ) ) , they cannot 
be conjugate relative to the g roup Int (</). If full opti-
mal subalgebraic systems © f (relative to I n t ( ^ ) ) are 
known for 1 < s < r, then a complete set of opt imal 
systems © f (relative to Int (</)) for s = 1 , . . . , r can be 
constructed in the following way (cf. Ga las [12]): 

We define the list 9f as the union of the non-con-
jugate 5-dimensional subalgebras in © f (one represen-
tative f rom every conjugacy class relative to I n t ( ^ ) ) , 
which are also subalgebras of the Lie algebra J . Fur -
thermore, for an arbi t rary subalgebra J ? e let 
£ f ( J f ) be the set of all subalgebras exp (ad ( ® ) ) p f ) , 
where v ranges over a set of representatives of all 
cosets v + J e ^ / J . The union of the sets ( J f ) 
for all J f e Sf is denoted by Successively for any 
5-dimensional subalgebra J f of J in one deter-
mines the conjugacy classes in § f ( J f ) relative to 
Int(</) and lists one representative f r o m every class. 
Then the union of these lists fo rms a full opt imal 
system © f (relative to \ n l ( J ) ) for J . In general, it 
follows that Sf <= © f c= If <3 is the direct sum of 
the ideal J and an ideal j f , i.e. (3 = J © J f , then 
even = © f = since exp (ad (r)) ( J f ) = X holds 
for any v e X and for any subalgebra of J . 

Examples for this construct ion of opt imal systems 
with the aid of known opt imal subalgebraic systems 
are demonst ra ted by Galas [12] and Fuchs [24]. 
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2. The Three-Dimensional Vlasov-Maxwell Equations 

We consider three-dimensional motions of a colli-
sionless plasma of a species without a background or 
external fields in the non-relativistic case {a e N). In 
what follows, the particles of species a have charge q*, 
mass m*, and the three-dimensional distribution func-
tion / " * = f f (x*, vv*, t*), where x* = x * e 1 + y* e2+ z* e3 

is the space vector, vv* denotes the velocity vector, 
and t* is the time. The distr ibution functions f f 
(oc = 1 , . . . , a) for the a species, the selfconsistent elec-
tric field E* = £* (x* , t*), and the selfconsistent mag-
netic field B* = B* (x*, t*) satisfy the following three-
dimensional (3-D) Vlasov-Maxwell system (VMS): 

^ + v v - V f / « + ^ [ £ + v v x B ] - V * / « = 0 
at mx 

for any a = 1 , o , 

E a
 c 

V f x ß = - + Z qa J w / ^ x , vv, t) d w , 

Vx E= I qx j f*{x, vv, t) d 3 w , (6) 

V ; x £ = 

a=l R3 

dB 

~äT' 

Ve • B = 0 

with the dimensionless variables 

x := 
vv* c 

vv : = — , t:= — t*. 
c L 

\q*\2 L2C , 

fr-= ^ i f f (a = 1 , . . . , <r), m? £ n 

E:= 19? I 
mr c m ; c 

where L is an arbi t rary constant with the dimension of 
length, c the speed of light, £0 the electric permittivity 
of free space, qa'-= q*/\q*\, and ma:= m*/m^ (a = 
1 , . . . , O). (The Cartes ian coordinates of vv, E, B (rela-
tive to the basis { e t , e 2 , <f3}) are denoted by w*, wy, wz, 
EX, E\ EZ, BX, BY, and BZ, respectively.) 

The Lie point symmetries of the one-dimensional 
(1-D) V M S are well studied. The full Lie point symme-
try g roup admit ted by the 1 -D V M S without external 
fields or a background was calculated 1978 by Taranov 
[7], In [7] Taranov also discussed the results of a work 
of Baranov [25], who calculated in 1976 a symmetry 
g roup admit ted by the 1 -D V M S for an electron 

plasma with a fixed and homogeneous ion back-
ground th rough a formal approach to the infinite sys-
tem of P D E s for the momen t s of the electron distribu-
tion funct ion. In 1985 Roberts [10] derived the full Lie 
point symmetry g roup admit ted by the 1 - D V M S in 
case of a one-species p lasma with a background and 
a multi-species plasma with q^/m^ ^ qß/mß for a ^ ß 
(a, ß = 1 , . . . , a), where also a homogeneous back-
ground was assumed. 

If one looks at a p lasma consisting of o > 1 species, 
where qjma # qß/mß for any ß / a (a, ß = 1 , . . . , o) 
holds, the real Lie a lgebra & of the full Lie point 
symmetry g roup G = e x p ( ^ ) admit ted by (6) is of di-
mension r = d ( ^ ) = d i m ( ^ ) = 8 and may be spanned 
by the following infinitesimal generators written in 
terms of Car tes ian coordinates : 

6 

0X ' 

6 

e ? 

a 

e ? 

a 

dt' 

a a a a a 
v5 — y — x ——(- ——3- — w* - + Ey 

dx a y dwx a EX 

a a a 
- EX + BY BX - — , 

a Ey a BX a BY 

a a a a a 
v6= z X h wz w* (- Ez — 

ax a z 8w* awz a EX 

a a a 
- E X + BR BX - — , 

a EZ a BX a b z 

a a a a a Vn = z V 1- vvz wy 1- E 1 dy dz 

(7) 

dwy a wz a EY 

a a a 
- E Y + B : BY - — , 

a EZ a BY a b z 

v8=x — + y— + z— + t— 
ox oy oz 81 

° , a a a a 
- 2 y f* EX EY E 

«=i 1 a / * a EX * V Y a EY a EZ 

a a a 
- BX BY — b z — — . 

a BX a BY a BZ 

The c o m m u t a t o r table for this basis (7) of the eight-
dimensional real Lie algebra ^ is shown in Table 1, 
f rom which the s t ructure constants CJK of which are 

r 

defined by [vj, = £ Qk {i,j,k = 1 , . . . , r), can be 
i = 1 
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(d) Scale t ransformat ion: 

543 

Table 1. The commutator table for the eight-dimensional Lie 
algebra 

Vj 
»1 V2 »3 ®4 »5 »6 V1 »8 

[Vi,Vj] 
»1 V2 »3 ®4 »5 »6 V1 »8 

»1 0 0 0 0 - » 2 -®3 0 »1 
»2 0 0 0 0 »1 0 ®3 "2 
»3 0 0 0 0 0 »1 "2 »3 
»4 0 0 0 0 0 0 0 »4 
P5 P2 0 0 0 »7 - » 6 0 
»6 »3 0 - » 1 0 0 »5 0 
r7 0 »3 - » 2 0 »6 0 0 
»8 - » 1 - » 2 - p 3 - » 4 0 0 0 0 

read. Obviously, the center 2Hfg) := [u e <3 \ [u, ®] = 0 
V® g is the null algebra 0, and the derived algebra 

:= [3, is ^ ( 1 ) (® 1 , . . . ,® 7 ) . Here and in what 
follows, J f , . . . , « , ) denotes the subalgebra J f of <3 
spanned by the basis vectors « ! , . . . , « , . 

The corresponding subgroups of symmetries of the 
Vlasov-Maxwell equat ions are: 

(a) Space t ranslat ions (T(3)): 

Gy. (x, vv, r, f?,E,B) 

i - (x + £j ej, vv, t, ...,/*, £, B) 

(ej g R ; ) = 1, 2, 3) . 
(b) Time t ransla t ion: 

G 4 : ( x , vv, t, / * , £ , ß ) 

H^(x,vv,r + £ 4 , / / , . . . £ , B) (e4 g R ) . 

(c) The group 

SO(3, R ) : ( x , ^ , / / , . . . , / * , £ , £ ) 

\->(Rx,R vv, t, ... ,/*, R£ , KB) 

of s imultaneous ro ta t ions in the componen t s of x, 
vv, £ , ß with the 3 x 3 o r thogona l matr ix 

: (x, vv, t, ff,..., f ° , E, B) 

(x exp (e8), vv, r exp (£8), / / exp ( - 2 £ 8 ) , . . . 

..., f { , exp ( - 2 £g), £ exp ( - e8), B exp ( - e8)) 

( £ 8 g R ) . 

The full symmetry g roup G is generated by these 
one-parameter t ransformat ion groups. Roberts an-
nounced in [26] a manuscr ipt on an investigation of 
the Lie point symmetries admit ted by the 3 -D V M S 
and described verbally the s t ructure of the symmetry 
g roup as given above. 

Three addit ional discrete symmetries of the 3 -D 
V M S are given by 

Sl:(x,w,t,f1\...,f1
a,E,B) 

h+(x , -vv , - ; , / / , . . . , / * , £ , -B), 

(x, vv, t, f i , f " , E, B) 

H-(-x, -vv.t,//,...,/^, -E,B), (8) 

: (x, vv, t, f1,..., f " , £, B) 

' * ( x, vv, - f , / / , . . . , - £ , -B), 

where 0 S2 = S3 holds. Fo r j = 1, 2, 3 the mapp ing 
Sj ° Sj is the identity 

So'- (x, vv, f, / / , . . . , f " , B) 

r 

F o r given u = £ <xkvke^ the inner derivat ion 
fc = 1 r 

ad(n): maps w = £ ß j ^ e ^ to ad(i/)(w) = 

[w, u] = £ ( £ ock C}k) ßjVi with 
ij= l \k=i / 

' COS £5 sin £5 ' COS £6 0 sin £6
1 /I 0 0 

R •= — sin £5 COS £5 

° 
0 1 0 0 COS £7 sin £7 

1 0 0 1/ ^ —sin £6 0 COS E6I io — sin £7 COS £7 

= Rs = Re = : R 7 

which depends on the three real parameters £,• ( j = 5, 6, 7), and the one-parameter subgroups 

Gy. (x, vv, f, / / , . . . , / * , £ , ß ) i • (Ä, x, Rj vv, r , / / , . . . , / * , R. £ , R. B) (,' = 5, 6, 7 ) . 
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Table 2. Adjoint representation of the Lie group G. 

*J 1), V-> V A 
9t Ad (gt)(vj) 

01 = e x P( e i ®i) »1 V2 "3 »4 
92 = exp(e2 v2) "1 »2 "3 »4 
93 = exp(e3 »3) »2 »3 »4 
9 A - exp(e4 r4) v2 "3 »4 
95 = exp(e5 ®5) »1 cos e5— v2 sin e5 Vl sin £5 + v2 cos e5 »3 "4 
96 = exp(e6 v6) cos e6— ®3 sin e6 »2 "1 sin £ 6 + t>3 cos £6 »4 
9i = exp(e7 r7) ®1 "2 cos e7 — »3 sin e7 "2 sin e7 + t>3 cos £7 "4 
9s exp(e8 ®8) exp e8 v2 exp e8 i>3 exp £g "4 exp £8 

vi 
ti. Vi Va 

9i Ad(öf,) (Vj) 
6 7 8 

9i - e x P( £ i ®i) »5+^1 »2 » 6 + ß l »3 »7 »8 
92 = exp(e2 v2) V5~ £2 »1 »6 P 7 + £2 l>3 »8 - e 2 «2 

93 = exp(e3 r3) »5 ®6-«3®l r 7 - £3 v2 »8 - £ 3 "3 
04 - exp(e4 r4) »5 »6 »7 "8 - £ 4 t>4 

95 - exp(e5 v5) »5 "6 cos £5 — r 7 sin £5 v7 cos £5+ p6 sin £5 »8 
96 = exp(e6 ®6) "7 sin e 6 + v5 cos e6 »6 »7 COS £6— p5 sin £6 »8 
07 = exp(e7 r7) »5 cos e7— v6 sin e7 "5 sin £7 + p6 cos £7 "7 »8 
08 = exp(e8 t>8) »5 »6 «7 "8 

adu := Qe Cjk) = 

«8 «5 a6 0 - » 2 - « 3 0 — a 
«5 «8 a 7 0 0 ~ a 3 — a : 

«6 — a 7 a 8 0 0 «1 «2 — a : 

0 0 0 «8 0 0 0 - a . 
0 0 0 0 0 - « 6 0 
0 0 0 0 - a 7 0 0 
0 0 0 0 «6 - « 5 0 0 
0 0 0 0 0 0 0 0 

The m a x i m a l r a n k of the e n d o m o r p h i s m ad(«) : 
o b t a i n e d w h e n u r a n g e s over the who le space is 
m a x ( r ank (ad (a))) = 6. As s ta ted in (2), the genera l ele-
U € <§ 

m e n t in the g r o u p I n t ( ^ ) m a y be given by 

A d ( 0 = e x p ( e 1 r 1 ) • . . . • exp(e8t>8)) 

= A d ( e x p ( e 1 r 1 ) ) 0 . . . ° Ad(exp (e 8 p 8 ) ) 

wi th real p a r a m e t e r s , . . . , e 8 , whe re the inner a u t o -
m o r p h i s m s 

Ad (exp (EJ VJ)) : = exp(e,. a d t y ) ) : - <S ( j = 1 8) 

c an be c o m p u t e d as Lie series (cf. (3)) in the u sua l way 
a n d are listed in Tab le 2. 

T h e c o m p u t a t i o n of the Ki l l ing f o r m : (u, w) h-• 
K g ( u , w) : = t r ( a d ( a ) ° ad(w)) a n d the C a s i m i r poly-
n o m i a l C9: u i—• C<g(u) : = u) gives w) = 
4 ( - a 5 ß 5 - a 6 / ? 6 - a 7 ß 7 + a 8 / ? 8 ) a n d C * ( « ) = 4 ( - a f 
— a^ — a 7 + a 8) . By a p p l y i n g C a r t a n ' s c r i te r ia of solv-
abi l i ty (see e.g. Sect. 1 in I) a n d semis impl ic i ty it fol-
lows t h a t ^ is n e i t h e r so lvab le n o r semis imple . W i t h 
the aid of t h e o r e m 2 o n e finds t h a t the rad ica l ^ is 

(»l5 v2,v3,v4, i>8). A Levi f ac to r of t he Lie alge-
b r a ^ is the semis imple (even simple) r o t a t i o n a lgeb ra 

R ) s p a n n e d by the bas is {» 5 ,® 6 ,® 7 } . T h u s , a 
Levi d e c o m p o s i t i o n of ^ is g iven by t he semidi rec t 
s u m <§ = 9H<S) © s SfQ{3, R ) . 

T h e to ta l n u m b e r of all f unc t iona l ly i ndepen -
r 

den t sca lar i n v a r i a n t s of a n a r b i t r a r y u = £ a,- Vj e 
(relative to the g r o u p I n t ( ^ ) ) is J = 1 

= d(S?) - m a x ( r ank (ad (m))) 

= 8 - 6 = 2 (10) 



H. Kotz • Classification of Similarity Solutions of Nonlinear PDEs. II 545 

Table 3. (Bi-)linear invariants of a vector u in a subalgebra J f of ^ (relative to Int(Jf)). 

Case Subalgebra J f d(Jt) / ( J f ) Invariants of u 

1 j f ( v l t . . ;V8) = $ 8 2 2 a\+ <xl+ a^ , a 8 

2 M « ) = o 
(OC 8 = 0) 

7 3 3 a4 , a | + a 7 , 
t*!, oc7 — a2 a6 + a 3 a 5 

3 M « ) = o 
(«5 = a6 = a7 = 0) 

•KA'i, •• •, V4, v8) = &C&) 5 1 1 a s 

4 M2(*) = 0 
( a 5 = a 6 = a 7 = a 8 = 0) 

4 4 4 a 1 , a 2 , a 3 , a 4 

(see (12) in I). The general invariant bilinear symmetric 
fo rm 

r = 8 
*>):= X <*j $fk ßk 

j,k= 1 

r 
with w = X ß k v k e < & a n d the real symmetric matr ix 

k= 1 
(<Pfk) = d iag(0 ,0 ,0 ,0 , b2, b2,b2, b j can be determined 
f rom the infinitesimal criterion (11) in I (using the 
p r o g r a m OPTSYS), where b2 are free real con-
stants. (The Killing form is such an invariant bilinear 
fo rm with = — b2 = 4.) F r o m the expression u) 

r 

for an arbi t rary u = X a j Vj e % we find the linear 
j= i 

invariant a 8 (corresponding to the invariant bilinear 
form <P{1) with <P(i)(u, u) := oc|) and the "bil inear" in-
var iant a2 with a := [ / a f + CLI + CL2 (corresponding to 
the invariant bilinear form $< 2 ) with <P(2)(u, u) := a2) of 
the vector u (relative to the real group Int(^)) , which 
can be regarded as the = 2 functionally inde-
pendent scalar invariants of u (see also Table 3). 

F r o m the Killing polynomial which is the char-
acteristic polynomial of the inner derivation ad («) for 
UG&, the rank of which is defined as the 
minimal (algebraic) multiplicity of the eigenvalue 0 of 
ad (a) for all the vector fields can be read (see e.g. 
Sect. 1 in I) and one finds = 2. Fur thermore , the 

r 

Killing polynomial for u = X ßj »j e ^ has at most 
;= i 

the d ( ^ ) — / ( G ) = 6 nonzero roots Ax(«) = a 8 e IR 
with multiplicity 2, fit (u) = ia e C, nl(u)= - i a e C , 
p2 (u) = a 8 + ia e C , p2(u) = a 8 — ia e <C. These eigen-
values of the linear mapping ad(«) are scalar in-
var iants of & (see I). Obviously, Xl («) is a linear 
invar iant of u (relative to Int(^)) . Thus the set 
3/e x x (m>) = 0} = forms an ideal in ^ 
(see Sect. 1 in I). Since a2 = <x\ + y.\ -I- a2 is a positive 

definite bilinear form in the coordinates a 5 , a 6 , a 7 of 
u, 3#p

fli \= {w (u) = 0} is also an ideal of ^ (see 
Sect. 1 in I). ^ coincides with the radical of ^ 

{ w e g \ n 2 ( w ) = 0} as the intersection of the 
ideals and forms also an ideal. The abelian a 1 a* 1 

ideal is the nilradical J f (<$) of F o r these ideals 
X the (bi-)linear invariants of an arbi t rary element 

r 
u = X ^ e J f relative to the group Int ( J f ) of the 

7 = 1 

inner au tomorph isms J f -+ X were calculated (using 
the R E D U C E 3.2 p rog ram BINV). They are listed in 
Table 3, where the dimensionali ty, the rank and the 
total number of functionally independent scalar in-
variants (cf. (10)) for these ideals J f are also shown. 

According to the techniques for the construct ion of 
an opt imal subalgebraic system 0 f for the Lie alge-
bra ^ described in Sect. 1 in I, our aim during the 
classification process is to shorten the search for the 
conjugacy classes in ©f by separating all the one-di-
mensional subalgebras of ^ in nonintersecting algebra 
classes with the aid of the calculated invariant bilinear 
forms (relative to the inner au tomorph i sms group 
Int(^)) . Since these classes are invariant relative to all 
inner au tomorph i sms ^ -*• subalgebras of different 
classes cannot be conjuga te (see subsection 1.1 in I). In 
order to determine these invariant algebra classes, we 

r 

first choose a nonzero vector u = X a j v j e & with 
j= i 

arbi t rary coefficients a l t . . . f a r , which spans the one-
dimensional subalgebra J f (i/), and consider the ( b i -
linear invariants of u. Then we try to "simplify" the 
basis vector u of a representative subalgebra J f (ii) for 
any of the determined algebra classes by calculating a 
conjugate element 

r 

w = X 0/ Vj := Ad(0 = exp(ex r x ) • . . . • exp(8 r rr))(w) 
j= i 
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with proper values for the real numbers s l , . . . , s r such 
that as much coefficients a x , . . . , a r vanish as possible. 
The various alternative cases give the conjugacy 
classes of conjugate subalgebras and , f rom them, an 
optimal system 0 f for ^ (see subsection 1.2 in I). 

Since <2>(1) with <P(1)(u, u) = a 8 is an invariant bi-
linear form, any one-dimensional subalgebra X { u ) of 
^ belongs to one of the two nonintersect ing algebra 
classes given by <Pn)(u,u)> 0 and <Pa)(u, u) = 0, re-
spectively. Thus, we only must investigate subalgebras 

j f (m) of ^ with either u = £ «/ vj + v8 (For the sake 
j= i 7 

of simplicity we choose a 8 = l.) or u = £ v j ^ 0. 
j= i 

Each of these two algebra classes can be fur ther sepa-
rated in the two classes with <P(2)(u, u) = a2 := O.\ + CL\ 
+ a 2 > 0 and 0 < 2 > , ») = a 2 = 0 (oc5 = a 6 = a 7 = 0), re-
spectively. Hence, we concentrate on the four non-
intersecting algebra classes 

A: (Xg , = 1 and a > 0 , 

B: oc8 , = 0 and a > 0, 

C: a 8 ; = 1 and a = 0, 

D: a? , = 0 and a = 0 . 

(From the Casimir polynomial C& wi th C^ (U) = K9(U, U) = 4 ( - a 2 + a 8 ) it follows only a separat ion of all the 
one-dimensional subalgebras into the three algebra classes given by C9(u)> 0 ( a 8 < a 2 ) , C9{u) = 0 

8 
( a 8 = a 2 ) and Cy(u)> 0 ( a | > a 2 ) . ) In addit ion, we investigate the vector ü = Y. vj = (^d(exp(e 6 r6)) 

8 7=1 
0 Ad(exp(e71>7))) («) for u = £ <*,- vj ^ 0 with a 8 = 1 or a 8 = 0. If we choose 

7=1 

a r c t a n ' 6 

£7 = 
y sign(a6) 

+ arc tan 

+ y s i g n ( a 2 ) 

for a 5 ^ 0 

for a 5 = 0 and a 6 ^ 0 

for a 3 ^ 0 and a 5 = a 6 = a 7 = 0 

for a 2 ^ 0 and a 3 = a 5 = a 6 = a 7 = 0 

(The upper (lower) sign is choosen for a 4 > 0 (a 4 < 0).) and 

= 

arc tan 
VÄ+ 

- — sign(a7) 

— arctan 
l/*2 + 

- — sign (a J 

for l / ä f + a | > 0 

for a 5 = a 6 = 0 and a 7 # 0 

for J / a 2 + a 3 > 0 and a 5 = a 6 = a 7 = 0 

for a 2 = a 3 = a 5 = a 6 = a 7 = 0 

8 3 
we find that u = X "j ^ 0 with a 8 = 1 or a 8 = 0 is conjugate either to ü = X <*/ + a4®4 + a r 5 + a 8 f ° r 

J=i j = I 
a > 0 or to m = ± [ / a 2 + a 2 + af p3 + a 4 t>4 + a 8 v8 for a = J / a 2 + ccj + a 2 = 0, where the upper (lower) sign holds 
for a 4 > 0 (a4 < 0). Thus, we can restrict our investigation to the four classes A, B, C, D of one-dimensional 
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subalgebras X { u ) of ^ spanned by 

(uA := ax »j + a 2 ®2 + a 3 ® 3 + a 4 ®4 + a 5 ®5 + ®8 with a 5 > 0 

or 

i / B : = a 1 ® 1 + a 2 » 2 + a 3 » 3 + a 4 ® 4 + ®5 

« = ( or 

« c := a 3 ® 3 + a 4 » 4 + »8 with a 3 > 0 ( a 3 < 0 ) for a 4 > 0 ( a 4 < 0 ) 

or 

n/D := a 3 ® 3 + a4®4 / 0 with a 3 > 0 ( a 3 < 0 ) for a 4 > 0 ( a 4 < 0 ) 

Since any one-dimensional subalgebra J f ( v ) of ^ must be conjugate (relative to In t (^) ) to one of the four 
nonintersecting classes A, B, C, D, which are invariant relative to Int we only must consider the four classes 
independently: 

A) Any vector uA is a regular element (see Sect. 1 of I) 
of for which the number of distinct roots of the 
Killing polynomial is maximized. Fur thermore, uA 

is conjugate to the regular element w l a : = ä 5 » 5 + ®8 

of ^ with a 5 > 0, since the inner au tomorphism 

° Ad (exp(a3»3)) ° Ad(exp(a4 ®4)) 

maps uA to wla with a 5 = a 5 . 
B) As Case 2 in Table 3 indicates, the scalar invari-

ants of uB e = (relative to I n t p f ^ ) ) are a 4 , 
a 5 = 1 and a 3 a 5 = a 3 . By applying the inner auto-
morphism Ad(exp(e1 » J ) ° Ad(exp(e2®2)) with the 
real coefficients £x = (a : — a 2 ) /2 and £2 = (a2 4-a1)/2 
to uB, one finds that uB is conjugate to uB = a 3 ®3 

+ a 4 ®4 + ®5. If a 4 = 0, uB = a 3 ® 3 + ®5 is conjugate 
either to w 2 : = ®5 for a 3 = 0 or to 

Ad(exp( —log | a 3 | ®8))(a3®3 + ®5) 

= ±(v3±v5)=: ±w3 

for a 3 / 0 . In case of a 4 ^ 0 one proves that the 
vector uB is conjugate to 

uB := Ad (exp ( - log | a41 ®8)) (aB) 

= a 3 / K l »3+ s ign(a 4) ®4 + ®5. 
Since 

Ad (exp (ti ®7)) (a3 ®3 - ®4 + ®5) = - (a3 ®3 + ®4 + ®5), 

it is possible to choose w>4 := a 3 ® 3 + ®4+ ®5 with 
a 3 g R as a representative for uB in case of a 4 ^ 0. 

C) The only nonzero invariant of the regular element 
uc in the ideal = is its coefficient a 8 = l 
(see case 3 in Table 3). The vector uc is conjugate 

to w l fc: = ®8, as is easily verified by using the inner 
au tomorphism Ad (exp (a 3 ®3)) ° Ad(exp(a4»4)) . 

D) The scalar invariants of uD = a 3 »3 + a 4 »4 g = 
are a 3 and a 4 , which can be read f rom case 4 

in Table 3. In case a 4 ^ 0, uD is conjugate to w5 := 
®3 vz + r 4 a 3 > 0 (see the calculations for 
class B). If a 4 = 0, the vector uD is a multiple of 

:= v3-

So an optimal system © f for the Lie algebra ^ is the 
union of the one-dimensional subalgebras J f f w ^ ) , . . . , 
x(h>6), which are summarized in Table 4. (For simplic-
ity the tilde of the coefficients otj is dropped.) In this 
table the real coefficients a 3 and a 5 are nonnegative 
numbers, unless otherwise stated. (If 0 < a 3 ^ a 3 > 0, 
the two subalgebras J f ( a 3 ®3 + ®4) and J f ( a 3 ®3 + ®4) 
stand for nonconjugate one-dimensional subalgebras of 

With regard to the discrete symmetries (8) of the 
3-D V M S a further "simplification" of the members in 
©f is possible. For example, the subalgebras Jf(v3 + ®5) 
may be replaced by J f ( ® 3 + » 5 ) , since S2(v3— ®5) = 
-(v3+vs). 

In order to construct an optimal subalgebraic sys-
tem ©f for ^ with the aid of the "method of expan-
sion" of the members in © f , one has to determine the 
normalizers Norpf(n>,)) := {» e 3 | [», Wj] g Jf(Wj)} of 

Table 4. Optimal system of one-dimensional subalgebras 
(a3 . « 5 ^ 0 ) -

Jf(v3) J f ( a 3 » 3 + v4) J f ( x 3 v 3 + v4+ v5) with a 3 e R 

Jf(v3±v5) jT(vs) Jf(a5t>5+»8) 
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Table 5. Normalizers of the subalgebras X in Of and possible representatives j f in Of . 

jf(u)eOf 

Jf( ® 3 ) 

JTi'J 

J f ( a 3 ® 3 + » 4 ) (a3 > 0) 

J f ( a 3 p 3 + r 4 + ®5) 

j f (® 3 ±t> 5 ) 
J f ( ® 5 ) 

Jf(r8) 

j r ( a 5 r 5 + » 8 ) (a5 > 0) 

Nor p f ( w ) 

jr(® l t...,®5,®8) 

J T ( ® 1 , . . . , ® 3 , ® 8 ) 

j r (®3 ,®4 ,®5) 

J f (» 5 ,® 8 ) 

J f > , ®) ( ® = ßk vk e N o r ( ^ ( « ) ) / j f ( „ ) J 

X{v3,ßl vx + ß2 v2+ßA v4+ß5 v5 + ß8 ®8) 

jr ß, vl + ß2v2 + ß3 v3 + x ßj vj 

jT (a 3 »3 + »4 , jß! ®! + J»2 »2 + t>3 + ß5 v5 + ß8 ®8) 
P3 + "4 + »5 . ßi "3 + ßs Vs) 

Jf(v3±v5,ß3 v3+ß4 ®4) 
Jf(®5,i?3 ® 3 + ß 4 ®4) 

Jf(vs,ß5v5+ ß6 v6+ß1 ®7) 

Table 6. Optimal system Of of two-dimensional subalgebras 
( a 1 , a 3 , a 5 > 0 ) . 

j r ( v l t v 3 ) Jf(®3 , a j ®j + ®4) j f (® 3 ,® 4 +® 5 ) 

Jf(® 3 ,» 5 ) « r ( i> 3 , a 5 » 5 +® 8 ) j r (a 3»3-l-® 4 ,®3±p 5) 

J f (a 3 ® 3 + ®4, t>5) J f (a 3 ® 3 + ®4, a5®5-(-®8) with a 3 e ! R 

Jf(» 5 ,® 8 ) 

the subalgebras J f ^ ) in O f for j = 1, . . . , 6 . These 
normalizers are listed in Table 5 and were calculated 
using the R E D U C E 3.2 p rogram N O R M , which was 
briefly described in Sect. 1 in I. In the next step dur ing 
the classification process (see subsection 1.2 in I), we 
choose for every one-dimensional subalgebra J f («) in 

8 
Of an arbitrary nonnull vector v = Y . ß k v k e N o r p f («))/ 

k= 1 
Jf(w) (/?!,..., ß8 e IR) and list the resulting two-dimen-
sional subalgebras v) of ^ (see also Table 5). F rom 
the resulting list of solvable subalgebras J f we delete 
the conjugate ones except of one representative for 
every conjugacy class. The remaining representatives 
form an opt imal subalgebraic system O f for which 
is given in Table 6. 

Analogously to the above given construction of 
0 f = Ö f , optimal subsystems Ö f of s-dimensional 
solvable subalgebras in ^ may be constructed for 
3 < s < 7 (cf. step 1 in subsection 1.1). Since there are 
no seven-dimensional solvable subalgebras of Ö f 
is an empty list. As noticed above, & is the semidirect 
sum of its five-dimensional radical with basis 

®2, ®3, ®4, v8} and the semisimple three-dimen-
sional Levi subalgebra i f := y(9(3, IR). Thus, an opti-

mal subsystem O f is given by the Levi factor (9 (3, R ) 
spanned by v5,v6,v7. Hence, all opt imal subsystems 
@f of s-dimensional semisimple subalgebras in 
SfC){3, R ) for 4 < s < 7 are empty sets (cf. step 2 in 
subsection 1.1). According to step 3 in the subsection 
1.1, there remains the task of classifying the s-dimen-
sional subalgebras of ^ with non-trivial Levi decom-
positions by means of op t imal subsystems @f for 
3 < s < 7. Since the choosen Levi factor i f has the 
dimensionality d ( i f ) = 3, © f is empty and opt imal 
subsystems @f for 4 < s < 7 can be constructed by con-
sidering the conjugacy classes of s-dimensional sub-
algebras of type j f = 01' ®s Sf(9(3, R), where 01' is a 
(s — 3)-dimensional solvable subalgebra of ^ such tha t 
0t' n 3, R ) = 0 and [gt, Sf(9{3, R)] c & hold. 
Full opt imal subalgebraic systems 0 f for the Lie alge-
bra ^ of infinitesimal symmetries admit ted by the 3 -D 
VMS are shown in Table 7 for s = 3 , . . . , 7, where the 
real numbers a 3 , a 4 , a 5 , a 8 are non-negative, unless 
otherwise stated. Clearly, 0 f contains only ^ itself. 

F rom the full optimal subalgebraic systems © f for 
^ the corresponding opt imal systems © f of s -parame-
ter subgroups for the symmetry group G = e x p ( ^ ) 
admitted by the 3-D V M S follow by exponent ia t ing 
the infinitesimal generators, which span the choosen 
s-dimensional subalgebraic representative in © f 
(1 < s < 8). In general, the calculat ion of reduced sys-
tems of IPDEs , which are associated to the subgroups 
in the opt imal systems for G containing the ro ta t ion 
group R), fails (cf. Olver [4]). Therefore, one is 
only interested in the opt imal subsystems Ö f of solv-
able subgroups of G for s = 1 , . . . , 6 during the classifi-
cation of the similarity solut ions of the 3-D VMS. Fur -
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Table 7. Full op t imal systems 0 f of s-dimensional subalgebras in ^ for s = 3 , . . . , 7. 

0 ? Ö J : JT(v1 »2 *3) »2 «3 »3 + »•) 

Jf(v1 v2 ot3v3+v4+v 5) »2 »3 + Fs) 

J f ( ® ! ®2 » 5 + a 8 Vs) J f (»! + a 4. »4. »2. ®g) 

Jf{v 3 »4 •s) »4 a 5 r 5 + ®8) 
J f ( » 3 4. »4' ®5> ®s) J f ( ® 4 »5 ® 8 ) 

0 f : JHT(v 5 »6 v7) = S>>(9(3, R ) 

®l Ö-: v2 r 3 , r 4 ) = ^ ) »2 »3- »4+ »5) 

v2 j rc®! »2 ® 3 , a 5 ®5 + »8) 

JT(®1 »2 a 3 r 3 + ®4, r 3 + r 5 ) »2 a3 "3+ »4 '»5) 

»2 a 3 »3 + ®4, a51»5 4- c8) with a 3 e R l>2 ®5.®8) 

J f ( ® 3 »4 »5' vs) 

»5 v6,v7) = J f (®4) © ^ 0 ( 3 , R ) 

Jf(®5 »6 v7,v8) = j f (® 8 ) © sr<9(3, R ) 

0 ? ö f : Jt(vl »2 »3, i>4, r 5 ) j f (® ! »2 ®3,»4,a5 » 5 + » 8 ) 

»2 »3, » 4 + ®5, ®g) "2 

j r (® ! »2 a3 »3+ "4' »5. p8) 

0 f : »5 ®6, ®7, r 8 ) = J f (®4, ®8) © Sf(9(3, R ) 

e ? Ö?: v2 r 3 , r 4 , ® 5 , » 8 ) 

Jf(v1 v2 ®3, r 5 , r 6 , ®7) = j f (®!, r 2 , ®3) © s 9>Q (3, R ) 

e*. J f ( r t »2 ®3,®4,®5,»6,®7) = Jir(vi,v2,v3,v4) 6 5S y o ( 3 , R ) 

v2 v3,v5,v6,v7,va) = Jf(v1,v2,v3,vs) ® s y(P(3, R ) 

thermore, no s-parameter subgroup in Öf leads to a 
reduced system i n n — s = 7 — s independent variables if 
s = 5 or s = 6. So the task to classify the similarity solu-
tions of the 3-D VMS can be carried out on the basis 
of the reduced systems of IPDEs, which are associated 
with the members of the optimal subalgebraic subsys-
tems O f with 1 < s < 4. Lack of space precludes pursu-
ing this interesting investigation here, and the reader is 
refered to my P h D thesis (to appear in 1993). 

3. Concluding Remarks 

An effective, systematic means to classify the simi-
larity solutions of a given system of PDEs (IPDEs), 
which admits a finite-dimensional Lie point symmetry 
group G with its real Lie algebra are optimal sys-

tems of the group-invariant solutions, since every 
other such solution can be derived from these systems. 
The problem of classifying the similarity solutions by 
means of optimal systems leads to that of finding the 
equivalence classes of subalgebras for the Lie algebra 
^ under conjugation. Full optimal subalgebraic sys-
tems for ^ follow from these conjugacy classes. In my 
previous work I [11] and in this paper, the techniques 
for the classification process for the subalgebras of 
which are well described by Ovsiannikov [1], Ibragi-
mov [2], and Olver [4], were summarized, and further 
developments of these techniques based on the com-
puter-aided calculation of the bilinear invariant forms 
for the real valued inner automorphisms ^ -»• ̂  were 
presented. In comparison with the usual techniques to 
obtain optimal subalgebraic systems the refined tech-
nique using the invariance properties of these forms 
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saves a lo t of t i m e d u r i n g the c l a s s i f i ca t ion p rocess . 
T h e a d v a n t a g e of th i s m o d i f i e d m e t h o d w a s d e m o n -
s t r a t e d h e r e b y a p p l y i n g it t o t h e e i g h t - d i m e n s i o n a l 
Lie a l g e b r a of i n f in i t e s ima l s y m m e t r i e s a d m i t t e d b y 
t h e n o n - r e l a t i v i s t i c 3 - D V l a s o v - M a x w e l l e q u a t i o n s fo r 
a mu l t i - spec i e s p l a s m a w i t h o u t a b a c k g r o u n d a n d ex-
t e r n a l f ields. 

A m o r e d e t a i l e d d e s c r i p t i o n of t h e t e c h n i q u e s t o 
o b t a i n o p t i m a l s y s t e m s of s u b a l g e b r a s f o r t h e f ini te-
d i m e n s i o n a l rea l Lie a l g e b r a of i n f i n i t e s ima l s y m -
me t r i e s a d m i t t e d b y a g iven s y s t e m of P D E s o r I P D E s 
will be s t a t e d in m y P h D thes i s (in G e r m a n ) . I n a d d i -
t ion , t h e m o d i f i e d m e t h o d t o c o n s t r u c t o p t i m a l s u b a l -
g e b r a i c sys t ems , w h i c h is b a s e d o n t h e k n o w l e d g e of 

c o m p l e t e sets of f u n c t i o n a l l y i n d e p e n d e n t s c a l a r in-
v a r i a n t s re la t ive t o t h e rea l Lie g r o u p of t h e i n n e r 
a u t o m o r p h i s m s , will be a p p l i e d t o t h e L ie a l g e b r a ^ of 
t he Lie p o i n t s y m m e t r y g r o u p ^ a d m i t t e d b y t h e rel-
a t iv is t ic 3 - D V l a s o v - M a x w e l l e q u a t i o n s f o r a m u l t i -
species p l a s m a *. 
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* Note added in proof: In subsection 1.2 in I the following 
statement is given: If u is a regular element of the finite-di-
mensional real Lie algebra then there exists a conjugate 
regular element w of ^ such that all the coefficients of w> 
which are functionally independent of the invariants of w 
(relative to I n t ( ^ ) ) vanish. This is only correct under some 
additional conditions, which are fulfilled for all real Lie 
algebras under consideration. 


